Problem Set 4 Solutions
ENGR 12, Spring 2026.

Solutions

1 The top-hat response

In this question we are interested in the response of an RC circuit to a ‘top-hat input’, i.e., an input
function v, (t) that looks like the top-hat function introduced in Lecture 7. We will proceed with a
numerical approach.
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An RC circuit is powered by a voltage source that operates with the function f(¢), where the
function f(t) is given by the figure above, which is the superposition (a fancy word for ‘sum’) of the
four shifted-and-rescaled ramp functions shown in the same figure.

The governing equations of this system are

RCO+v=wv,(t), v(0)=0.

The MATLAB script provided here allows you to generate the ‘hat response’ (i.e., the response of
this system to an input shaped like the above figure) for different values of RC.

% The hat function from class

function output = f1(t)
% Builds a 'hat' centered at t = 2.5
% using ramp functions.


script1.m
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output = + heaviside(t-2).*5.%(t-2) + ...

heaviside(t-2.2) .*%5.%(t-2.2)
heaviside(t-2.8) .*%5.%(t-2.8)
heaviside(t-3) .*5.*%(t-3) ;

+

end

% Define a time domain with lots of values
N = 1000;
tvals = linspace(0,8,N);

% Define RC values to use.
RCvals = [1,2,5];

P coo
T ooo

% Define the right-hand side function of differential equation

function dvdt = rhsi(t,v,RC)
dvdt = (f1(t) - v)/RC;
end

% Initial condition zero
x0 = 0;

% Call ode45 three times using three different values of RC.

[t1,x1] = ode45(@(t,x) rhsi(t,x,RCvals(1)), tvals, x0);
[t2,x2] = ode45(@(t,x) rhsi(t,x,RCvals(2)), tvals, x0);
[t3,x3] = ode45(@(t,x) rhsi(t,x,RCvals(3)), tvals, x0);

% Plot response
clf;

plot(tvals,fi1(tvals),'--',"LineWidth",1, 'Color',"green");

plot(tl,x1,"LineWidth",2,"Color", "blue");
plot(t2,X2,"LineWidth",Q,”Color","red");

plot(t3,x3,"LineWidth",2,"Color", "magenta") ;

legend ("Input",sprintf ("Output with RC
sprintf ("Output with RC
sprintf ("Output with RC

% Make it pretty

set(gca,"FontName”,“EB Garammond","FontSize",20) ;

xlabel ("Time [seconds]");
ylabel("Voltage [ volts]");
grid on;

% Save to file
saveas(gcf,"hat-response.png");

hold on;

%.1f" ,RCvals(1)),...
%.1f",RCvals(2)), ...
%.1f" RCvals(3)));
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Figure 1: Figure produced by MATLAB script

1.1 The ‘hat response and the time constant’

The values of RC currently shown in Figure 2 are not fully representative of all the different types
of behaviors this system can show. Change the code to show three or four different values of RC
(that may or may not include some of the currently-shown values; it’s up to you) that showcase the
different types of behaviors you expect this system to have. Comment on your choices and describe
what is happening using the RC circuit. In your comment and description/discussion, you should

use the word ‘time constant’.

@ Solution

This question can be satisfactorily answered by generating a figure of the kind shown below.
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Figure 2

Because the duration of the ‘hat’ is about 1 second, it makes a great difference, qualitatively,
whether the hat is applied to a system whose time constant is large compared to the duration
of the hat, or small compared to the duration of the hat. We have thus chosen three values.
At RC = 0.1, we find that the hat lasts much longer than the time constant of the system,
and therefore the output has a chance of ‘catching up’ with the maximum value of the input,
i.e., the capacitor has the chance to get fully charged by the voltage source before it shuts
off. At RC = 2.0, on the other hand, the ‘hat’ only lasts for half of a time-constant, so the
capacitor does not have enough time to charge before the input shuts off.

2 Time-shifted functions

2.1 Obtaining the expression for f(t)

Write down a mathematical expression, valid for all times ¢, for the function of time shown below.

@ Solution

This function can be constructed using superposition of the following functions. 1.
u (t —ty)-c-(t—1ty)
—ug(t —ty)-c-(t—ty)
—Aug(t —t3)

where A must equal the height of the figure shown above, to ‘cancel it out’. If you squint at
the figure long enough, you’ll see that A =c- (t, — ;).
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f(v)

Time

Figure 3

2.2 Laplace Transform

Determine an expression for F'(s), the Laplace Transform of the function above. Write it down in
two forms: as a rational function, and as a sum of fractions.

@ Solution

We have the following function of time:

f) =u(t—t)c-(t—1t) —u(t—ty)-c-(t—1y) —c-(ty —t)u (t —t3)
f1(®) fa(t) f3(t)
and we want to transform it to the s domain. To do this, we deal with three parts separately.
Using the time-shifting property of Laplace Transforms, we can find

1. Transform of f,(t)

Lfi()] = Llug(t —ty) e (t—1t)]
=e 1 Lc- 1]

2. Transform of f,(t)
LLFp0] = £luy(t— 1) - e+ (E— 1)
=e 2 L[—c - 1]
— sts %26
3. Transform of f5(t)
Lf3(t)] = Ll—c- (ty —t))u,(t —t3)]
=e " ll—c- (ty —ty)]
sty _C° (ty —t1)
s
Remember that the numerator of the fraction above is just a number, not a variable.
Now, for the sum of fractions, we have

=e

F(s) =e st Lo esta ZC st —clty—t1)
32 82 S
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And converting this to a rational function is pretty straightforward, since we know how
to find the least common multiple of the denominators. We get

e She —e St2e — se s (1, — 1)

g2

F(s) =

2.3 Forced Response: Applying a time-shifted function to a circuit

An RC circuit is set up, as shown below, to which the input voltage is provided according to the

following function of time:
U, (1) = u (t—1ty) X kx (t—1ty).

Here, t, is some positive constant and u, is the Heaviside step function. Assume that RC, the
product of the resistance and capacitance, is some known number.

The capacitor is initially charged, and v(0) = v,, where v, is some positive number.
Vin (t)

/

R —c (Vv

Determine a mathematical expression for the free response and the forced response of the capacitor
voltage in the frequency domain, and in the time domain.

@ Solution
Let’s write the governing equation in the time domain as

RCU + v = Uin(t) - U8<t — tl)k(t — t1>

RO(sV = (0)) + V= Llu, ()] = efs“s%
k
RCsV +V=e 1= + RCv(0)
— 1 —sty k RCU(())
V)= gos+1¢ e T ROy 41
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We now have our free and forced response in the frequency domain, i.e.

V(S) — #e—stlﬁ ﬂ
RCs+1 s2 RCs+1
Forced Response Free Response

Now, to put these two into the time domain, let’s start with the free response. In the frequency

domain, we have
RCw, Vg

RCs+1 s+1/RC
and from the table of Laplace transforms we know that in the time domain this is

—t/RC
/1)06 / .

If we then look at the forced response, it’s a little more complicated.

#e*‘sh E — *5t1 ﬂﬁ
RCs+1 52 s+ 1/RC s?
and we can break this up into partial fractions with three terms:
1
efstl ﬂﬁ — efstl £+ Q + L
s+ 1/RC s? s s s+1/RC

we then find the least common multiple of the denominators on the right hand side, and
multiply the numerators accordingly to get

o, YRC k(P Q R
s+ 1/RC s?

s 82 * s+ 1/RC
p—, Ps(s+1/RC)+ Q(s+ 1/RC) + Rs?
B s2(s+1/RC)
now, the numerator on the right hand side has terms with s, terms with s2, and terms without

any s. We can equate the numerator of the right hand side with the numerator on the left
hand side, term by term, to write

0s? = (P + R)s?
0s = Ps/RC + Qs
k/RC = Q/RC

Thus, we find that Q@ =k, P = —kRC, and R = +kRC. We can now put together the forced
response as a sum of fractions

—y —kRC n k n kERC
s s s+ 1/RC
The next task is to put these into the time domain by looking closely at the table of Laplace
Transforms. From the table, we know that

L1 _,2]%1] = —kRC
Tk
,C 1 _?:| — kt
kRC
1 —k —t/RC
s+ 1/30] hee
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and by the time-shifting property,

L7 et ——

st _kRC] = —kRCuy(t —t,)

I k
L1 e—5t12} =k(t —t))ug (t —t;)

S
kRC

5—1 —stq
R 1/RC

] = kRCe t"t)/RCy (t —t))

which is a fancy way of saying that ‘The inverse-Laplace transform of a e times a function
equals the inverse-Laplace transform of that function shifted forward by D units of time’.
So the forced response in the time domain is the sum of the above three terms.

—kRCu (t —t,) + k(t —t))u (t —t,) + kRCe tt)/RCy (t —t,)

3 Basic Block Diagrams

3.1 One input, one output

Consider the system represented by the following diagram.

F(s) + 'Tl +D 1 X(s)
L N
— +

1. Determine the transfer function X(s)/F(s).
2. Draw a simplified version of this block diagram in which there are only two block elements.
3. Draw a simplified version of this block diagram in which there is only one block element.

@ Solution
The above block diagram says:
sX =4X +6(F — X)
This can of course be simplified to get
sX=4X+6(F—X)
= sX =4X+6F —6X

sX +2X =6F

X(s+2)=6F
X | 6
F |s+2

Thus, the transfer function between the input F and the output X is 1/(s + 2). The following
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two block diagrams also work for this purpose.
F X
Fee) — x0) (s) 6 (s)
6 s+2 s+2

3.2 Two inputs, one output

Consider the system represented by the following diagram.

G(s)
Fs) + — X 1 X(s)
Iﬂl 7 s+3

1. Determine the transfer function X(s)/F(s)
2. Determine the transfer function X (s)/G(s)

@ Solution

We can interpret this diagram with the equation

1
X = ——= (G+10(F - X))

(G + 10F — 10X)

 s+3
sX +3X+10X =G+ 10F
(s+13)X =G+ 10F

1 10

G+ F

X =
s+ 13 s+ 13

Thus, the two transfer functions we are looking for are:

1
s+ 13

e From G to X:

e From Fto X:

s+ 13

3.3 Block Diagram from equations

Draw a block diagram for the following system. The output is x(t) or X(s), and the inputs are f(t)
and ¢(t) in the time domain, i.e., F(s) and G(s) in the frequency domain. Also indicate on your
diagram the location of Y(s).

Swarthmore College 9 Spring 2026



Homework 4 Solutions E12 Linear Physical Systems analysis

T =y—>5x+g(t)
g =10f(t) — 30z

@ Solution
The block diagram looks like this
G(s)
F(s) 10 o % Y(s) o 1 X(s)
5
30

4 Coupled systems and block diagrams

4.1 A Mechanical System

In class, it was shown that the governing equations for the following system of masses and friction
elements is

my0y + byvy = fi1 — byvy + byvy

The system is shown below.
V2 U1
—> 4)
my —E— M
b — Ja
00680
N b N
1

Figure 4: A mass m, is pulled along a friction-full surface by an applied force f,. A dashpot connects
the mass to another mass, m,, which is supported on the ground by friction-free wheels.
The velocities of the two masses, taken positive to the right, are indicated by arrows.
Use the following block diagram to represent the system above. The 7’
and outputs.

symbols indicate inputs
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@ Solution
The system can be represented by the following block diagram.
F,(s)

- 1 |Va(s) 1 Vi(s)

N O
—i—CJ SMy b2 _ Y — sma

by
bo

4.2 An Electrical System

Consider the circuit shown below.
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v = f1(t)
T~
U/
Il
]
Ch
Rzg

Il
]
2

1. Write down a set of coupled differential equations for the voltage across capacitor Cy, v, and
the voltage across the capacitor Cy, v¢, .

@ Solution

The governing equations for this circuit can be found by applying Kirchhoff’s Laws as below.
Uin(t)
+ -

1. Apply Kirchhoff’s Voltage Law to write three equations, which we may or may not use.

Uy — VR, — Vg, =0

Vin = Vg, — Vg, — Vg, = 0y — VR, —vg, =0
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2. Apply Kirchhoff’s Current Law at node D to learn that

Z‘RQ - 7:C2
e
2
'Ucl — UCZ . C d’l)cQ
R, 2 dt

chﬂc2 = Vo, — Vg,

R202U02 + sz = 'UCl

3. Apply Kirchhoff’s Current Law at node A to learn that

g, = 'R, tic,

Up,  Ug, dvg
- + C 1
R, R, bodt
Uin —Vc, Yo, Vg, Lo ah’c1
R, R, bode
Vin — Vo Vo, — Ve .
= L= 2 =Cv
Ry (vy, — ”Cl) - R1(”C1 - Ucz) — O
. R,
31011101 = Uin — V¢, — E(vCl - ”cg)

. R
R, Cyog, = vy — ( - R2> ve, + R, C2
) R
R]_Cl'UCl + (1 — R;) ’[)CV1 =

We now have our two equations, both in the suggested form. They are

RyCoie, +ve, = ve,

. R R
Rlclvcl + (1 — R;) UC1 = 'Uin + Flvcz

2. Draw a block diagram illustrating this system.
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@ Solution

iz}
R,
+
Via(s) 0 Ve, (5 T V)
b sR1Cy Y sRyCo
_ B
Ry
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