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Curve Fitting



Curve Fitting vs Interpolation

Interpolation

Finding a curve (i.e., a function) that
connects all your data points

Curve Fitting

Finding a curve (i.e., a function) that best
represents the trend shown by your data
points

A
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Curve Fitting, Interpolation, and Polynomials

olato

e Ingeneral, we could fit a-cuase to many kinds of functions:

f(x) = aofo(x) + a1 fi(x) + azfa(x) + ...
e Polynomials are a special case of the above, where o
f(x) = ap + a1z + asz® + aszs + ...

whee Hi(x), £ (x) ... ove Some
Functisnsg,

where FO:% bu finx, Cxefc

Y
g.=% fazx -.. . o

e Interpolation and curve-fitting can both be done using polynomial functions

L\ T best sl

Find a cubic polynomial that
passes through the points
(0,0),(1,3),(3,7),(5,2)

If you have 4 points, then the only
type of polynomial that will work is
a cubic polynomial.

Find a quadratic curve that /

Passestmetahstihe-peHate—
(0,0),(1,3),(3,7),(5,2)

If you have 4 points, you can ‘fit’ to
a straight line, a quadratic, or a
cubic polynomial
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Curve Fitting & Interpolation
with non-polynomial functions

e Polynomials are just one type of function among many
f(x) = ap + a17 + axx® + azx® + ...

e Interpolation and curve-fitting can both be done using other kinds of functions

. \ W\

Find the parameters {a,b,c,d} such that ,E'Lndi.bﬂm\neters {a,b} such that

f‘f(x)=g+gem+gw2+_c_ismx f(z) =ae® + ba?
Passes through (0,0.2), (1,2), (2,1.2), (3,3) bestcaptures the trend of the points shown
; }mﬂ)ens To Be lneor zq,b,c,3§ | ; RapPns Jo be Linear in §a,53

Curve-fitting

4 points '
G Y eqns Rs .

: 1 vakngwas
fa/‘%‘,d j

/1‘

Interpolation
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‘(east S54uares'

The simplest kind of curve fitting: straight line

v

Minimize Seme

minimized T
1=0

over fhe PN‘aMd-PIS 20,

Find a straight line that is as c(';o,()

close as possible to the data (z3,y3)

points

Minimize the vertical distance (:1;4
between the data points and i ﬂ' 23‘_' - 1(:(,(-“)
the line

Define aresidual 73 = y; — f (%) (z2,92)

Find f(x)suchthat =1 s (%0, 90) ,

h

F(‘X)-‘-‘—ao“'qi% Xy
Find a straightline ¥ = ag + a1
that best represents the data shown

OBJELTIVE FUNcTIaN
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Fitting data to an arbitrary curve

e Findthe parameters

{CL(), a,az,..., a’m}
that minimize the objective

function

n—1

[y — f(2:)]”

N
]

1=0

f(x) =a0+ arfi(x) + asfol(x) + ... + amfm(x)

7 m+1 free parametersin
Hisfx), or a  shaght line
hunchoa, M=1 oand e
e [+ hee poronyiec.
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Fitting data to an arbitrary polynomial curve

e Findthe parameters

{a'07 ai,az,..., a’m}
that minimize the objective
function

5=y Sl

( ~/ )
wab S
_&:ic i:’;‘ev:fﬁﬁ ot ‘f(x) =ag + a1 + asz® + ... + @™
Go, O, , Qs ... Om yes lineor in Qs Polynomial
Gnd c(?uw{-e Yo Zev. of order m

x) 16 Aineol in iaofq‘la’-ﬂ"ram%

then g SySLCM of 67(40»(7'&4; will be )jue_w.
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How do we pick {ao,@1) az, ..., a } that minimize S

33 _ 7 R =
v S—;[yz—fm)]

f(x) =ag + a1z + asx® + ... + apz™

n—1

— Z [y —ag — a1y — CL2$2 — CL3£U? ; ;—a’mx;m]z
: \_//—\ﬁ ’
» O (o)
- [
1? [ﬂi-ao WL -0 = A ] %)l

witke 3£ -0 smily  foc other as.

2a.

/
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Example: Finding a quadratic polynomial

to fit n data points > L poromerters
_ TQa &, Qz{

oS - .
_ —2 ; [y’b ap — a1x; a,zxz.] =0

n—1

— Z ao—l—a1x2+a2x Zyz
2=0 O (CU y
oS n—1 %*

n data points

@z —2 Z X [yz —ap — a1T; — agx?] =0

=0 =N
n— 1 S 2 2
1= O 1=0

G—,M},: Colve 3 6-0/!44)\'64\5
: _2237 i — a0 — a1zi — azz;] =0 ,[,,_, 3 anknewvas.

n—1

— Z aoaz —|—a1x —l—agac Zyz
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The linear system of equations for finding the best-fit

polynomial of order m for n data points
unkagwas  kaoms U‘W ko foiaks §

n—1 n—1 %
‘)C"c/'\j

=0 o i=0 i
Z (CL()JI;-L -+ a;lﬁ —|—a,_2.x_‘2) — Z yzﬁ ZXE Z’XI E‘X:i ao .
i=0 i=0 ‘ .
n—1 n—1 >N =% zxf a,|=1"

(a02; + a1a? + agzi) = Y it} ) . (
=0 N i=0 2% 2% > a, l

L - J - o

Jepeud 55 %7 ool
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The linear system of equations for finding the best-fit
polynomial of order m for n data points

oz Yz o o x| e [X iy
YDEZ NP OE - SND O SNNEECIND OF /AAil I ! > Ty
2
)

Yap Y o X e | = | Yoy

e Yttt Yaltt o YA |am DT Y
Pores L

‘j{'— M iS ije_ —_ IM"C&!\A}H@QQJI.
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Sometimes, interpolation leads to “overfit”
And a low-order, “relaxed” curve fit suits the data better

Points from
previous lecture
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Sometimes, interpolation leads to “overfit”

And a low-order, “relaxed” curve fit suits the data better

Points from
previous lecture

® data

| — Interpolation, m = 10

- Curve Fit, m=3

10

ENGR 21

Fall 2025



Python function for
polynomial curve fitting

Write a Python program that reads these
data points from a file and fits them to a
qguadratic polynomial.

Steps:

1. Readthe data points as numpy arrays

of x and y values

Assemble the matrix using the x values

3.  Assemble the right hand side using the
x and y values

4. Solve the linear system of equations
Ax=b using your favorite linear solver

5. You now have the 3 coefficients a0, al
and a2 that define the quadratic
polynomial you were looking for!

N

Further steps:

1. Use the coefficients to actually plot the
polynomial curve

2.  Overlay on the points to see how well
it fits

@ @ datapoints.txt

. 0000
.0500
.1000
.1500
.2000
2500
.3000
.3500
.4000
.4500
.5000
.5500
.6000
.6500
.7000
.7500
. 8000
.8500
. 9000
. 9500

[SEUSIS RS IS IS IS IS SRS IS IS IS IS IS IS IS IS IS I S
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Resources

Lec 11.1, Tue, Nov 18

Interpolate these points: download file

Lec 11.2, Thu, Nov 20

Curve-fit these points: download file

ENGR 21

. 0000
.8625
. 7500
.6625
.6000
.5625
.5500
.5625
.6000
.6625
. 7500
. 8625
. 0000
.1625
.3500
.5625
. 8000
.0625
.3500
.6625
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