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Wed, Jan 22 Lecture 1

Definition.
Determinism is true of the world if and only if, given a specified way things are at a time t, the
way things go thereafter is fixed as a matter of natural law.

(Stanford Encyclopedia of Philosophy, Entry on Causal Determinism)

Laplace’s Demon.
“We ought to regard the present state of the universe as the effect of its antecedent state and as
the cause of the state that is to follow. An intelligence knowing all the forces acting in nature at a
given instant, as well as the momentary positions of all things in the universe, would be able to
comprehend in one single formula the motions of the largest bodies as well as the lightest atoms
in the world, provided that its intellect were sufficiently powerful to subject all data to analysis;
to it nothing would be uncertain, the future as well as the past would be present to its eyes. The
perfection that the human mind has been able to give to astronomy affords but a feeble outline of
such an intelligence. Discoveries in mechanics and geometry, coupled with those in universal
gravitation, have brought the mind within reach of comprehending in the same analytical formula
the past and the future state of the system of the world. All of the mind’s efforts in the search for
truth tend to approximate the intelligence we have just imagined, although it will forever remain
infinitely remote from such an intelligence.” ( 1320

(Essai Philosophique sur* les Probabilités)

Priﬂap(e of  Sufficiest Reason - leibniz
“dee Wil 5 an iUusion - Spinoza
Heiseabers  Uncertainty  Prineiple

P

[hessem

wa‘a(g/ '; fwwp‘ebass

Instructor: Emad Masroor




ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

% ¥ = (% £)

12 (0) = Yo

"W

x ¢ R
* Choos s ';Mpossible_ Ec Nn<2

To solve  Hic VP meons fo find
o, funchan X (k) bhot  Sakis fes (&)
- eumﬁdl-ic«[ Solubien - use MATH
- numenicod  foluban use  computers
A solubisa LET exist fw Al £ eR
o«  foc o subset of R
Mon, Jan 27 Lecture 2
F(x £) - Fiesk -seder
= f (% % £) 2
% = F(xx%,x,4) 34
L;gj X (0) = x=f(x,x ): aubomous
%(0) = % :)C(x, >°</{.) © nengufon 8maes

Instructor: Emad Masroor




ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

&fuiva)(ence of A7 acder  ifleatiod e7qa}isn$
ﬁ,‘\d o SVS",'C(‘/\ O’I'\ ) 12‘:5}0&‘! 17 ‘e
a . . Y d\"')
x = F e x &0 B, )
dt”
it s a:(wajJ ssible by weite  an equiva,(cmt
97$km £ o 1% soler equafisas :
D(;Cme_ 7‘:@“ 3‘ = 37_
8:_ = Js3
J3 i J
oi=
g, = g da )
Av\y dyﬂmvtfcs pwb(uvv tan be  qritken  as
W=L(KE)  waee X=[%]  %=[%
X5 Xy
| X3 ] X3

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

x = F(x) , xR

%KO) = Xo AR

[

is 1‘_“2" L b cen be weillea as %= A x

N

N= f]_, Lineos > i/\mw?? n

(,\c_mgzﬂ f gn[il\earg

n=1 , nanlineas

N>>1 aealinear

X = sin x — ax\a\d'h'co\f . (k) dunchsa
K©)= %o numesicod ‘ftz,x.'}
je,ome_hl‘c

(D Ar\a\dfh'coj dx = Ssin %

Ak
Jcosec X dx = ﬁolk

se b=0, x= X%, ~9n<j\oo§ecx ¢ oot x| +¢ = £
b Fad C

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

&g Gses Xo + CGot X _ ¢
wsec X + ok x

@) Nameric ol dx

oX - 8in x
dk
Xogy —Xn = Sin Xy = Xneq = At Sin(Xn) + Xn
At n=0,1,23...

x

@ (neametsic 1
ENEEa

— The Sfofe of System
15 a  point  en fthe

X-0 s

X >0 Movif(\j bo the f{gu % colk Hic "flow
x &0 Movfty fo Hie Jelf.

X

N

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

Two kindls  of T ff xeol P&.‘n}s" we{?c:
'-Xl N /;7-(
>< 7 X 74 7)(
ATTRACTOR REPELLER
SINK SOURCE
(Stable ) (uné fable)
Phase  Packeait (b 1-d !}sl-eﬁqs)
X ¢ tach 0%—\‘ (S
Q q’N‘dcc{siy" .
1-C-

| Systeer %=F(x) |

- 8ne  puase Pa:*koﬂ
-0 few ?>ﬁ‘:xaal peints
- inFche "(‘ﬁe.c{'ﬂff€$

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

A c[(aﬂfa.m S‘/\Owllg
- ol qualitati atively  diffeceat *rcy,:cmles

- olL Lnxe.ot poinfs
Nete : LX) must be q funckian  x
in aM[-m.r\{ we  wll nesh ot ]\
(F0)Ts  that ae “nice’ .\\J X
= Su(lﬁcfe}\’& SM&D‘HQ- not allgwesl

Wed, Jan 29 Lecture 3

fowple N = N[\ - q Logistie  Equatisn

K
[N] coPIQ
) SEE 12 dog’
o, v T LKL = peopie
[N = pesple /doy
N4
|
| > k RNOEG
012345678 910
Time ()

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

Cdcdw{'ig curves  NCk)

dxl = %1 +x) with  %(0) =
dt )
Note : b con be Shewn H\ql- Oscha}?‘aﬂs

anol ‘overshaot’  o¢ pthar  AsMEndhanic

behaviour 1S ' impossible n
Y = Y'Qd, % € R

Position z(t)
- Velocity @(t)
SS ,._:--;_-._‘- -

7/

Time (f)

- m S-H-O
" I T N A O A
/ 1. N S
———{m] -
/ (4
A K A . .

T $X+Cx+kx=0

/T dop
Very  visceus HM'OI ,

Buk: 6 = JE(@) , 0 ¢ [0/2ﬂ> con hawe
“oscillatigns "

Instructor: Emad Masroor



Swarthmore College - Spring 2025

we reinterpret G = 3707 o mean
8 = (of
e. @ lives on  the circle het, pof
on  the  real  Lne . K’ /
720 1 /
3p0° T
0 Tt
Potenbal3 |
L %= fx]  and F(X) e
be  exprssed as
f(x) = —dV&
Scof‘” ol x
boc  seme " funckian V()
then  V(x) is called o  pokabial”
‘\ILX) Fm He opy/\o./\ar‘caj SyS’Le/"‘ 9'65 ILQC)
A
\yN / Flow occufs lldownhiu“ inV
N 7 X Shyatkz (27) Shows et dVgg
01848 {vajecfwies % (k) dE

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

FxY) = |2x — M) =] -
R
F(x) - 4/\ ;

Liness Sty Aalysis  of  fixedl  poinfs.

Suppose %x s a value of %X coher F—(X"):C
What happeas o X if it 18 jnialized close
o o”
Leb W(&) = X(k) - X
_ . N = %= f(x)
R
4‘\'5 1600 = JC(XK + VL) uge Tadleu Series

assumi small.
0 g

f(x"+m) = Mi— Y\f(x") + g@h(x') e
\“\"‘ £ (x) +0(’L’)\ ] O(¢) T

—
Congt-  numbec

—

Instructor: Emad Masroor

\J



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

E volubign ez(\;ai'iw\ for  smal pexhxr&mf{fims
v awoy x*
BiWC\AfCO:"iS(lS’ X, = f(’)c/' (>

Leb  Hie 5 731‘6/'4 be Pa-l‘a—l"le:kffzed 57
gne  of Mere  Dosowmesers ' Hew olees
e 7ual)+a;f-}v~¢ bohaviguf  of Hoe s'yg}eM

C_hwje with ¢ >
(") Seddle - Node Bifurcatdion

Mon, Feb 3 Lecture 4

‘X = C £ ')(,2 one —dimensigacd
first - seoles
% %, nsalineor.
N\ W\ X%
" 77 77 x 77 77

I <o { =0 ¢ >0

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

N/

=
\

"n

N

@ Teanscribicad  Bifurcatisn

X =

2
CxX — %X

X

<< 2%
X /‘\ x
r=0

Bifurcatisn Digglom T
Soddle - Node  Bibyreafion

—‘7 x

70

r’&xc‘nwge of s ”abi(i{y“

BlGﬂ Caa{ﬂ A Dlag fom f&f
Tronseribcal  Bidurcadion

Instructor: Emad Masroor




ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

How fo calculate Bifurcabian  Curves

x = - % + ¢ tadh x (4)

Fiod  Fixed poinks  x" P which F(X)=T
Hee, £ olso has a  pocomefer ¢

Solve \ F(x*;¢) =0 fo Moy c<.

bowee 5% ,Vi paics.  Plor them.
toidin Peoj(-ﬁ;nol.‘,g pOgrom  gr fay hand .
e-q. foc  System (A)

Solve O=f%x + ¢ Eanh xk o X
ofler s&h‘y t o seme Value .

et " do ceme valwe, Lind ¢ = %

Instructor: Emad Masroor

\J



ENGRI1 - Nonlinear Dynamics & Chaos
B) Pitohfrk  Bifurcotisa

X
X

Swarthmore College - Spring 2025

CxC - %3 Superc.ri{";&\ﬁ
cxt %X subcribicad

-—>$upe,rc_ri{'5ca0 N fxeol Ph. appeas above Ciibead

N 2.2 x
’0 N e X
\
AX " _ y,
5(—0)9\6 X (F) = |- | J?_
stable. |7 unsteble - Bifueation cliagrow:

%=0 : Solwe f §0x}

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

Wed, Feb 5 Lecture 5

. R - 3
? Subeaibical  pifchbach X = Xt X
_0 NN\ Y/ LN x
X. NS 77 )C h)) ’/
t<£o t=0 ¢ >o
AX

UASM(c

Stowb ¢ unskable .

uns k"u =

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

&:P(’)C;r) ¢t <O t>0
Saddle- node | %, = r+x” | 1 stable N'sqe.
1 unekable Nsae

—I—(:cq\s‘u'ﬂv'cd % l"x,—xz L stable —T* 1 unskakle
1 wnskable —+—> 1 stable

Pifew bl :
S\L‘Defa‘i-}- ‘%:Fx-—x3 Nene —1 > 1 stable
1 stable —1= 1 usshble
Nane —t> 1 shble

Suberit. X =tk o’ 1 unshable — Nene
1 shoble — 1 unstable
1 yestable 1> Neae

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

j«\ Plachice, 37.¢4em.s U MM(&
with o subcibicod
p's{'c.‘t\fjs-l‘l« bifur eation | Skowb (¢

AX

doat  ache (70 off bb*w
insteod, C\’jgzne("-aia'ﬂ ferms

P\o(«j a si'abi\izl‘y role.

Lmsk"'\”l =

: 3 (1
X=X +XxX —-X

— N\—

e('a{ semafl %X Fhis Jovems the dynaw'as.

Subesibica Pil‘clafwh

fov lee, x, #h x> fm P(a:js a role also.

Pitchfork Bifurcation % =rx+x°-x°

< Saddle - nogle L‘"\Furcalv'g« ot O, "
» Suberibeod  pitelfock bif. of O x oo -stuble

W

Pitchforl; Bifurcation X =IPX+X s —x? ]
o DQCP&MW (\%;/C_,_’_.-—-wﬂ* -1.0 -05
e Mreraoizg
% 0o v =
N ! Hys’rﬂtsi g
5 ‘ o 0.‘5 ‘ R :

r

| _’)
o | Y el \
~?

Shae

Instructor: Emad Masroor




ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

Mon, Feb 10 Lecture 6

Show that, it appoptiote  Aen-dimensiagalizatay

: 5
W=0auw +bu- cw & equivatent—

. 5 .
W= Cx £ % - x where % = dx
' dx
x=u/ T
T=+t/T
Dynamics with = 9
v 2
%= f(x)  xeR
lonventign s the stafe can be wrilen as
Nofe - f e a
X\l or | X oc X vechsr ~valued  funchion
Xa y of a vechs M@WE
P T T
saly sae vosiable ole;krwqtp
1 -dimensisnad  Stote < o i > stafe

C-‘I\m\gc : % /

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

2 -dimepsignal  stake
(x,y) — delermines  skite

= C\«Mje. : 'Y.,}'

, X

The Solufisns of i')’(i:f:(z_(), fﬁﬂl, % (0) __;E‘;:]

con  be \lifud(?d as ky‘e,ckuies sn  He Plaa/Je_ le(_

i 9, Stade - /x, V.

!

t=v, U=-wz (5-0& \‘I B
st R B 2P ¢

¥ ¥ v v a a a H

2+ (A A ¥ 7 > aal a3\
N

AAAA 7 7NN
A/ ‘/ s o NN “\_—]
1 A A 70NN 5 !
{4 * //*>\\\ \ 1!;//
f f//\\\ \ \
> 0 v v‘ Y )
Ao ‘ ‘ * / A AR
TR \\\‘_// ryor
—1% X NN \\\‘\k/// r&r y oy
LA \ \\‘\4*(/// ¥ ¥y

» \ V AN N S S e 4 ) f 4
_92 \\ AN N S S T Y
YR R w | s s gy

N - 4 &

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

2 compsnents . defined

= % 1§ a vectw ith
P(a.ne_.

N foa any pe«'m’r (X,y) sn e
e, % s a vechw Feld

—> 'ﬁajechffes afe. %'X'\(Jt), %1(-&')% PMV\C_‘Q'QJ\S m(\
Lime  paurameteized by e inbad  conolibsn.
stderedl  pairs  patarefuizeo BJ E

o, nume;icdly,
).

—s TFa‘jecl-micS are c,vefywhefc «\w\jenf fo  Vvects: fiel

without  Jog  of genefality

iF F(X) s linen,
x = F£(%) os:

we  can &XPMSS

x|=|Alx JRNIEY

)El. A‘l\ An X3 ~ |9

Shudy o potticulas  Jinea | 15 alwoys

SySemn - e _[a 0“)(_[ o B Ked ot
i | [l

- t

X = X —>%Uc)=x,eat

= d ylt) =Joe

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

S{’ﬂué node S*QB\Q nocle

-5

a

line of Fixel pts
a =20

S\ \[f ¥ 7= —=

N i

Symmedetc

(
(shor ) Saddle
Wed, Feb 12, Lecture 7
Genera] n=2 Lineas Sys{ems &,

J
Recall 'H'\nk, fou AZE% ?J, He X and
were  speciod  direehipas  wibh

point
A

~——"\—"

o b
¢ d

v
4

axes

éﬁm};w% - Jine | 'Fﬁy'cc&u‘es

c———m—m

S
related o ejjeﬁmdw of A.

expeaential in
Rme

Instructor: Emad Masroor




ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

Ave Here  Such Nﬁccﬁr"cﬁ bor Jej\uwl A ?
Whot  dicecbans  glo Higse k‘r:., ecfssies Nawxel In ?
-e- s there a weeksr ¥ oand A Quch Hot

nk D :
Xi(’c)[ e V¥ | %=Ax
My = ady
>\\A// - A \.-f, DN cije_nvdmg.« of A
v cigenvechs of 4.
det (A —)I) =
A-\I =|a-) b
Qx J(d-2) —eb = L o(-,\]
> 2o - )ol +ad -be = Ec: Erace
—-m}\{- ad ~be = O Odef:  delerminant.

te(A) D dek (M), (D

N - TXN+A =0 Cquakisn for elgenvales of 4.

<‘ Nole - gace you kasew A, i is
[)\z T+ J"CI—HA SmyMk(WWa{ to calculate Vv

by solviyg My =Av b the fwo
Lompanent¢ of V.

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

LAY =(a(HVe +(a:.()Ve

~

As lows  as >\, # A, any  stoke of the systenm
X :[’,E'?Z cann be wrillea a8  a  linfos  combinatran
of the eigeavectas Vv, andl Va.

5 = Q‘\'@ + Ql\é 'FVJ‘ Scolos s Q anol a, .

As o varies sves hme, bthese Scalars vary eXpmeAk«clljl

anck s passible o wiile  a 0eneraJ goluti on % (#)

ja  hime .

for Yhe diffeential c.gua/v'im ‘)i =Ax.

Mk Mok
(L)= |ce |Vi| | Ce| W

e

No  Such (9«14,,1 Solubsa exists Pw‘ ');o’: p('ﬁ)
b b ois  not dinear in x|

Exercise Solve % = g £y Yo= 2
3 = Hx 2y o= -3

: b
X-‘—’A)( with A.:L—i -—1]' T = -~

— Xs,y:s are
ejju\\/alllts ool
eigenveetass .

— s are esash.
tefhicients tha
depudd sn jnitia
towolitiga % (0).

~ 1

Ficst, b eigen Values.

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

YA 60 B FRN-Dd6 =D
(X +#3)(N-2) =
=> >\ = 2/ ~3
Then G e{;a\vzcﬁwf.
Av = >\(£
- V=2
1| A _ V2 W — W U, = 21 U =
= => ( 2 I Uz
[L( - ]L}J_ il Mz} L“/(’ ~2Uy = 2 U, K Uy = |
=> W T (
~ ['l pre eqpenvechsy,
associakeol wifth )=
siMi\wb [\ ] 1s e or eigenveefas
~Y associadeol ity A= -3
2t (] —3L [ | 1 1o
X = |C C, e T
~(k\ [C | + 2 _L.'] ¥ 5
gi’}o ! b [—‘J
21 L °) | 1 "
= ¢C + ¢ e &, +Cla= 2
I-_g“ [l] [—Hj{ ¢, -HC = -3
2k | | =381 >-g :‘I
?\C’(.t‘) - £ ' + € _Lf c:_:‘

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

¢y
|
A
.y
.
(
(=
(1
—
o)

ﬁ bred Psh'nFS Hok ocur in

A C\MSi‘cfcab'QJ\ Og /l’my N=2 Aineo./ SySll\‘-’—M

T anstab? <~ -kA =0

unshable SPffAb

A
gl-akle SPl'rJﬁ

stable
node s

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

W\

Ny e

X ),
N

Ae (R

@ rea )

0 <Re(M) < Re 0\13

Re(M)< 0K felds)

Re (M) < Re (A)< o

s

7N

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

|

g
1

J (£)

Saar

_—
Covstoats

ROMGSS lﬂV‘e, /kah (:VJ J-MXIC}

Mon, Feb 17 Lecture 8 Remes & Juliek
R(*) : R + [___\d

J L__JR+L\)()

e~
censhoats.

Yve ;. Jowe
-ve: hode

Tulicks  fove [bake P Remes

v =41%x +tJ
VAEIES Sk
rx = -X 4—3
v = =X -
% - e lover
N7 oHes eae

fa}e op C[mgt ‘Df p\ t)bpena(f on “&XN“G of- R

ol LI
NIT  gn  fake of chonse of R, 7.
"Remonb e Shyles”

Instructor: Emad Masroor




ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

Fixed

Wed, Feb 19 Lecture 9

Peint

Types

and eige:wak/es /ejlo) eavecters

(D Sadolle

—r—

3) Spialg

Re (X :

7~ \

Porink

>\\<D<>\Z

/!'%

7

e_xpimf-ﬂﬁd olez:y
IM ()(.5 oScillafron

9table rechan

ble t
Tl T-HA =0
Saddle 0 unskable $Pffn13
pei
A
g}aue SPfrJS
stable
node s
ble L
dl uﬁ:}cs T -hA =0
Saddlle unskable  spials
pei
A
slable SPirJS
[
stable
node s
€ “‘ﬁ:’;d T-hA =0
Sﬂdd(ﬂ unSI’aL[C SPITDJJ
pei
A
slable SPirJS
[
stable
rodes

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

The phase plw\e (non(mear v\—--?-)

x = F(%)

Xy = ‘:l &'7(‘ ’ %1)
% = ‘\'1 (’X( , XL}

phase  Plane.

— l\#x‘d Pen'f\{'S
—  (losed abifs

Linear Naoaliaeow
Ve /_/
\'\ 7< //
S
Vo “ .
N eigeavectss s paint a n eigenvecs  do ok

3\obo\1 pichlf‘e_ Op the

Feahures  of phace plaae -

> Behanise of Silubms (pemr hxed phs)§ cloted wibits
—— (

okao Hﬁec‘w}es \

N

prhtbe. 3(0501 picfme.

equ.f[ibriu,M Solubsas ﬁ()/(\:') =0
i)eriaot'c soubans % (t+ T) = % (t)

Fhas u_,\g.e_x;_. Lir\ewize (

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

Censioer « = x+e e l-ya+y v
Y= |- 21 3l
Nk ) el iy

—find  Fixed P": D=X+e - D:O’ K = -

(
, o= (r) = (19

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

= l:'(X"’ Y") T \La—pl— w TV 3.& + ‘r\y\u ord e
N X |x=x7, 37 x=x" fecwms.
O L\/ dep Y—y 73}" .
of Fixed Ppt. ;jnm
= w |+ vk Al- 3
oX | x¢ 757 X~ K
7‘ YU i :\_/L,_\ ) 7
by o Similor N‘JMMu\k, Fl,( 'A_Cl '_éﬁ—‘ ‘ u
X 3
N = W 3—(:3— + \j ‘a_‘?" \'/ — ’é(lz 9_[:’2 V
ox |xt dy | X% | 3y (L
X X‘ y YJ L - _g'x Y _l );;Yx[_ J
——

A

> I b'o.,. mmkix@

For  Soddles, SPﬂS;{\ﬂ?_é_‘i gf'f’ ‘s/«s}cm %= F(x)
e | Sypleat [ﬂ‘ A[ﬂ s LT aed o

A 3@& representakisn  of the nanlinesy T
syskem % <£(X)  near (9"

“Jor other types of / fixed peints,

fthe  System Sﬂ 3 W] jives 0
queshianable  reprcenfakitn oF Fhe
I'\GJ\‘I'/\QD\/ SysleM Z/:F({S) Neor (X:y')

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

% = — ¢ xg ) Find fixed pis.
3 = —Dg 1) Chofaclerize each.
J L/ cadculate  Joacobian
% * What kinol o Mix |
— s /ER NN of Fred pt. evoluate ok ech

y e W kD Fixed ot
% 1r -
/t } \Aw[\ere. s this

meiX an T-A
Mon, Feb 24 Lecture 10 P(M& 2

_E’X—' X = "'(j"' Q%(%1+Uz) N (0’0) rs a &XCAP"
Y = x & y (x*+y*) cws;ﬁ ks shbbty

- T
A:. DF\ 3(»'. O 4\
ox ay T g‘ ‘ 01
‘b(:?- 9{‘1

% o 3 evVeluake ok f

Instructor: Emad Masroor



Swarthmore College - Spring 2025

_________________________________

ENGRI1 - Nonlinear Dynamics & Chaos

B N () N R T
=N\ ==\
NN\ =\l
(0017 \ NN e W
e =
) s (@)
AN i XN 22
NN R NS ==
N I N NSS====%
N /V//,Uwuwm s ﬁw -/ \ H //// N ﬂ/rﬂyy/y/y
. € AT VNN {
- |l
™ : AV
TS 3 s s s
~ T, J .
R 3O s 3 on X =3
S S QW Q k ) IM R
F+ & W = v lm = < - i mlw,r
SO R J 8% -~ 2 N —+ 2
) = < _ S ~ 3 RY)
i h W 'm |WJ4MV bm WW
QL Y
= 33 3% 0 g3 FiERyd

(vsig 1,8 wovdinaker) & I R

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

Hyperbolic  Fixed — Phs.

Fixed pts Mt remoin  unchoged | Qualﬂra,l—ive(v,
By small  ngalinear '\uwws, relabive  fo  their lnearizeg
phose  partrosfs.

" Local P\\MC Pef{faﬂ' NegsS a hyparbo‘ic wf-»xeol P+
t4 \"DPaWjicQMLﬁj equivafent o the  phage pactre;
of '&s( lineorized  yersiga'

a homes Mocolismt  exisks  befween Jhe fwo.

“boc \!\ype.tbo\ic b xedt pfs, all eig?m/awcs hawe
nen-2emo  eal Pa.rl—

L) if  one 80 yuse eije/\vm hoy e neod
(aoﬂ, Hie  Fixeol pt- i ndlesgesbolic .

Instructor: Emad Masroor

[



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

n

?:(,,:_- f—(%) %X (0) = % x e R’

o /\—O

it b i cabinwons  and ol pa\rHaJ oesivatives
of F o Cankinuons en a4 cubiet B C-\R“,
lhea B Xo in b, the TVP above

has o unigne  selwbien X (£) ok Least Fr

Seme hme .

= ijecfar?es Gannof Mjrerse&r!

3 [

=

Cc_(ﬂfw( s¢bit -

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

Lotka - Yolfesra POP‘JGJ—:QJ\ bynw«w{f_s

L

o Two Spec«'cs cgm,()e}iﬁ =Fw A feseurce (LMAM)
. Enclh SPec;cs \\&/.\ o 7|\9w|-b. fake, cmry;d La‘Po.cH%

¢ Twe M‘?islw'c eqns -+ CGM—/DQBB&A

5’ o - (abbile
m’oﬁb:‘h ;E"""’P vE Slaecfp
A= % (3 — X _iﬂ)
g=y Q-2 -y)
Skcaf thoages
4 . Phase Plane He, rab:g
o L

N = (‘N(‘— N/[() lﬂgiSH(. e9n.

D) Find b xeol Pl—s (0,2) (0/0>
6, 275 b
3) Clessii%, ugfﬁ; Tatabiar ( D) (/3, /3>

3) Finol dj&(\\,&c\LNS fo pwf' lines
tnol  arrows. Fhrowg te fixed  phs.

)
\

3 X

Instructor: Emad Masroor



I

[

fixed P{‘
Vip =

(x*,y")= {o,

Swarthmore College - Spring 2025
) stabole nodle

|| stable nocle

) Unstoklc Aocle

O
O

plcu\e
GQc(a
—I1.OO
2.00
1.0O
1.0O

) oo
ool (
oo [(

o
I.OO
I.OO
I.OO

o

12.0

ak

A

nealineas  phase
) -3| 2 |—2.00 (

) —-7| 12 |—4.00 (
) s | 6| 300 (

Lineatizat gas

U—P

3 O

-I O
o 2

-2 -2

|

Wed, Feb 26 Lecture 11

Fixed Point| Jacobian |7 | A

ENGRI1 - Nonlinear Dynamics & Chaos

Sy
WL

;

]

ﬂ =
(NN SSSSS)

»

N\;/\N/i

T

X

//M

(x",y")=1{6.0, 0

N
\ MW/N //

ik
(o] v [o]
ﬁ $ &
)
>

)

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

. .) x*,9")= {o, o}
Lineas phase plane 7 T )

‘ " \y)= io.67, 1.3} | f \X\‘i\:\\

o e BESNAW -
N T s
IS NS

w

7
—-Lof Ve

7N
1ol // / /;(/}V/E:/_d: ] -Lo —0.§ 0.0 0.§ Lo
e —os ©-0 o 1.0

=
i
T 2
N
i i \éz/fé/ ’
w LT o . { A / ‘ //{/4//// /
g Wi //L‘\g\‘i\ *‘/;",f’[
AN \\///,'4
_:“ S / g L1177, /V:;;;:;
(7,) ' 56 obs . o7 078
/ //// / /
L l( /
Near {o,0} //‘* '\\\ / / /
N\ _ > / g
- — T X / /
“Z NS — e
- %//%'Z BN o 2 4 6~ 8
R e
W
===

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

X=xX(3-X/2-2y), y=y(2-x-Y) S
/

£~

Jonger vakive Syslents Rabbits

(riven '%:Q('gg) ,ZCQ(R'\, o Ceaserved  quovh

Ceol

thok 19 wastot  ga h‘ﬁc&miég ,ie. o€ -O
If o System hp & Censerved Quonbity, dl’l .
Fois  alled o conservakive  system o
. 3 —
X = %X —X Find o censesyeo! qumM/
—_——— — -
accel” "fooce” F(X) the | B prent. feqkial

S LS

Fid = "

1§ o ok - Valued CM\HIMWSZUAAMHM E(x) # caast.

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

_>_<__>_<_1 = -Y ¢ X X
W 2 i
= )V('K\ = x"1 _>_<_L_‘ i i(lk _‘_V(X)> =0
2 H at \x
— L ——
E(x,x)
we howe fund  Huat .
Lo + V(X)) is a Cansesveof
> Quontity .
Dl th%| +les +kx=O @ 9 =¢inf

Find V(X)) not V(%,x)

M‘)C +kx = O

.2 2
= L +_(_\<X
€ LY"‘X 5

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

I

Mon, Mar 3 Lecture 12

Chen e 5}/31‘0\45' Goasevakive

\\) \\«/swﬂg cavespsnd  fo

fricGgaless Mec‘ro«vicaﬂ syp}ems + ofhers

\“> Md‘\wq}to][ly, when jeo( can Bl E(X).

A posibwe Chovge P is confinedd o wove oa x-axs

\)(" %o.) +JQ

LOC‘V("N OIL\ ? ' | +M

(g = \]("C xszz * [jqz P ?X
Elechic PD{'PAEJ
Cb Q @ Poeral pr‘

x

2
' r xQ xQ

>

2
fack L | v "oommw

3 Q_; €y 4 @_236,2 _, herz wepmed
¢,

(

Hore dcce: 9t X=X | 4+ &2 : bt
R (x-%aft +Ypr [(-"qfergr  (x-%p,) +g? /-

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

hdex of o  clojed cuve in o weehu  Helol.

A Meogure oﬂ {-L\e_ "wfl\o?ily“ of He veckw g'eu.

Lt %= H(X) , xeR  and C a closed curve
“ (does nob sel -infersect)
0 Smﬁ-O‘\‘L\ vechas AC(CQ (CI&’/) not qus Hru ﬁ.x@l P{.S

of Ve wechs }-,,_(d)

Le_\' Ef? be ('Llc [e between
the vechs beld "[3] ond
He herizental fw ony peind gq C.
> ¢ = hu (%)
[¢}c ; Q__e__{- c_kaye_ in 275

over e Cew. lep
Tadex of C asundl  C.

Ic = ‘— [961&
< X
nefF  numbec 0(1 Cous fer- cloclew ' se J*ewfuf'ia/\ﬂ

Mode_ by the wvecks  field ﬁ(&) as X
mowes  countescloduwise  apound C.

Instructor: Emad Masroor



IL s i.=- | o
77 ] ‘ N
TN
1/ / j k \\\
NNl
e I.=0 it no Fixed! s inside C .

whwose  indjees

sum up b0 + 1

)

» £ C is o ’r(z:j'ecfefg;, I, = +|!

o« f C cm be M\Hf\uaush, cefrmed  info C‘
witleut  possig Hw &  Ared
o |0 oMl arows in e veckss field ez divechon ,f»-b-F
Mea T dees adt c.
Te index of a fixed" point = Lo b any C  Hot
encloses M\A/ Pot  Bxeol pt.
Am/ closed echif in P\aa/e p\ane must  encloge AX@' p}s

e =41t L o

v 16 C surreunds  mubiple bred els, 1. =% idex of eacks ﬁw{f

13

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

Wed, Mar 5 Lecturel1l3

Liovit Cq cles
V)

MX + <%+ ke = gin (Cok)

Phase Plane
S —
LOf . X
) -
Forcing —— Response
X4
0.0
R t
-0
-1OFf
_z L
—I_S B 1 P R S R ' T T T N S S SO S|
-I1.0 —0.§ 0.0 o.§ 1.0

X

This is ot on  n=2 dyrosical system %?_C_:Y‘(’Sﬂ
fﬂ&f\m‘sﬂ“w&“

A ot atder h’/\w'—o(c'.pexwlu,lL YN .- 15 a Spw“al case

of on (o W oarder  aubsaemeus alynomicad 37>iem

5(,{.’)'6 £X = Sin cot

Xp = X , r?.‘(’ﬁ | X2 i
%ol = | o= | | = =Xi=X, £5M K3
Xy = ok | % % _\

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

closed sfoif

ik CJC‘C 1S oNn
in PWwe S‘Fa ce

A
NP

clogod achit Hank
s o lmit cdc(e.

Van oles Pol

oscillafsy

isolayed  closed erjem‘v-rdj
0

M)°<'+/w’</1(4x=

Closed ecbits but
NoT = Limif &cle.c

X+ p(x=)x+x =0

-

\OF nealined/

2 hfF Lt fjcleS
B

A distinchive

Al

feobure
/75 fers l

VUV

-

Al Worechwies

Oﬂmadn

-

il

he -M,'J— cle (b/¢ ;.(-' V 2 0 8 i
M>.Dgfoﬁk MMS;;O(GVV\J\}UUUUUUUUUUU
es.

Instructor: Emad Masroor




ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

Mon, Mar 17 Lecture 14

P(‘Dv\'{f\zr the ablence of closeol  asbits

\) Geadient  Systems  approach.

5{1 a system —F(X) con be coritten ag ‘%:_VV(?S)
foc  same alos funcksan V(x)  Hea no  closedl schife
exisk  foc o ;ys}e«w\ C«\hn\m \';] &J%mﬁabfe.,

suy[e
Rc@u-./[m 1-d, %=F0O) | we could alwoye Fnol

V(X) Such Hiat L(x) = — dv/[dx

/

no osull- in 2-d, nol So Sure ; had b hed V
aleas in 1-o. X2 pesod T
. P(BV"' ').(,:: —-VV().C)
0 xsing =0 X,
'jc, = X2 d‘“‘j’ﬁ in V. fow iot”"‘-r\»wusﬁkﬂ.
X, —Sin K, go!v £ Svi" oy
Xa .
R0 = [smx]" Vot [ (9. x)dt <OV A
/\ | T
F = - VV 'QY. =%, e L/OW\)
”’ ; 3 X biven a System iiz-VV(.’S) &0 ConTRAD.
,ff‘“(’“o“";fi:b?;' / Y - —gin Xy | a closeo! schif ¢ ;.upo%)blc T
Closed—achif s 3X,

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

2) L}o.eu.nov Funclen af?mad/- ’7:(/:‘—'!:(25) wita C(Z&"):Q

jﬁ we can Bod @ m%ﬁnwucéj diffeediable  veal - valved
Funchiga V(Z{) Faat

V(x) >0 YV x #£x" | then sysem has a0
V(x):=0 closed scbits.
v(X)1 <0 ¥ x £ " U

X

X
whee V(X): Taa ene:gd—x)ke funchaa Hod

decceones aXH:? kﬂ:jecmies."

3) Dulacs  Crilesfan % =FX)  and £ e definedl
DR : o siely. Goveckod

o
Susel.

P ese exists §(x) such bt V-(9%) hoo e
S\'ﬂv\ wm‘ﬁhw (>) Yea Heee e 0o cged
sclaits MH«*&%? within - D

JTgodh = g giRds

— \/—\‘_Jzo‘).(v

':7 No C_ C,XI‘S"S

= lemt 40

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

9
\

2> % = ((x) is defmed on Sore oper e Yot Melickes
2 D dees a0t wawe o fixed pre.

H There exists a h?em‘&y_ Wot js canfined in D:
Stwvks  in D owd SI'OJS’ ingide O foc all Aufwe Hre
wﬂ“faf?llg Mﬁf&ﬂ‘

C is a cWwred oceif 4f approackes o cleseol ach)

—_—

Pesence of Closed scbifs Poincaré ~Benalixsan Thm

D is o cksed, bvuncled  Subet of R®

implicotigng fac Ckaoi

he bpa[ogb of R p«eV&\!')S( Q“UH“’Qﬁ oo wikd fem wapwt
in fhe pase plane i "

we Yo ok &m"’ed—sﬂes of 9'&: 'P'()j) cannof fdf"'ﬂ'}efged"
it o ‘fcdc_c_{-eay s kewn b be JVD,FFCJ in o cerhaia
finite  tubceF of \RZI o vusk valalé/ selfle olgern
il & bt eyele.

b comot  keep waderig fover it will erebally un
ouk of coem.

n >3 wmonemeus systems | chaot is  Pessile  beauoe R\
“\I’m\‘dg v pom Hoa R, a23, bajechse) can b

teabaes W’io o subsel of R" and  wole organdl foraer

\

withont “'m’fersed-{n{). ~ STRANGE ATTRACTORS.
J

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

Mon, Mar 24 Lecture 15

Bi"lurca}ienS A b"‘FufcaHSJ\ Occus  tohen  the '\vpol,oyéj
of P\n&(‘c SPace C"‘Mﬁes KC{quab‘welz;y)

2 Saddle—Node Bifurcation, x = y — x*, jy= -y

M=%

1

p=0 p=1
I

X
u=-I
y = - Z 2 e 2NN
= ==\ SIS =
e ORRE Y AR
e ~Noge
Bifurcakion in 2-d Saddle Siebl

pceuf€ W sae  dimensign

| g,
AR \x
= X

- _b
‘}j I+ x? é

in this SySten, bifurcaban o
Occurs en  Haf  urve

Finpuslconm / EA1bifurcokigns 2ol

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

Subcritical Pitchfork bifurcation, 5 = ux + % y= -y

M =1 M =0 M=1
77\ I\" 1/ /)| ."l\ ” r/«"‘fi" 1 I \"&u‘nu‘\ N ,/ nl Iii'g \ \,
»/;,',»“;Q\\‘\a;;%,',‘y’,///// ’¢§ ;‘é///;,,,jvi ﬂ l‘l*«f*“&\ii: ;//:i‘é//»é,//n, ‘&‘\\EZ\\\;E
v/ \Wi/, 1\ m I\ L M,‘l,‘ -~
j ‘\\‘\:‘ l ",a/;//)'/{/ | N “{/ r“,,v"#.'l u IW\ \{\\E;‘ {;:;;‘{/ A/,/ / 4"“-&\:?;::}
1595§Wﬁzwﬂg NS NS
NN *\\wm 7= N

\7 7N \| . W= \If =1
is::w?/f,f;%ﬁi‘?b%\\fﬁu;@ Nz S\W7=
:\‘ VLN \\\\ \ '/ S\\\\‘"\"‘. ‘.“") ‘T H“,‘,ﬁ‘,ﬁ'u///'; _:\\'\“\\ \If ,/7 Wi

Supercritical Pitchfork bifurcation, x = ux - x% jy= -y

p=-1 n=o p=1

SN

W\ A
SN /‘:?E:

Y
1/
/

= S
i M‘\\X‘?\
///‘4‘4 é‘“l‘\\\\

Saddle—Node Bifurcation, x =y — x*, y= -y

p=-1 =0 H=1
= = ) l i 7NN\
L = S 1 R > /4.«\\ \n\w /
jf::i‘/A/// / )/’?::{/»“ ‘4’/‘// ’"'"i ‘l{“f/ %’Z — "‘1 “'t.\ \ \"n W/ /
T S RE e e
BT SR Sk - eSS =— T\ ANN—
— T SN\ \ T:\‘\\:: \\ / 7 //,} ‘§
N\ Y NSNS
R ONWNNSSIENNTNSS I\ 7722\

.« . . . . 2 .
Transcritical Bifurcation, x = ux - x*, y=—-y

M =1 M =0 M=1
,)/4/’/‘ |i l' \'l "'.‘ {'- ‘ |,' "‘/‘/'// '///A‘;; ,‘/f//A///’/“ﬂ,",{. i‘ 4 lll |; "“"“/ f //;)? i{{/’///ﬁ"{‘: l \'l \“ ‘l'\ \l ’ !,ﬂ'”‘ ///
S e
Y //;’ = it / = = /4/ ‘}“.\ ey /‘Z
P i N

= "A“v 1 % =
=l =

AN

— - Ny
=\ [,
77/
~ Al /]
AR A A
|

|

L3
-
..
b
( ........
>
€
e
4

Instructor: Emad Masroor



Swarthmore College - Spring 2025

ENGR91 - Nonlinear Dynamics & Chaos )
3 2< b 9_6963 R="/) PR a> 7% Xz 0
£ 3:0 @ 3=0
2
\ . x

X

Fired pts  ae o ax b(1+ x?) = x*

ond  of  x= | *F/1-(2ab)°

20

Twoo of e Axco( Pa—in\,l's
mee aml  anihilede  each
oter (2 ad 3)

Exorple. of
bitur cotisa

< m - class  exereise 7

Qa

(0,0)

saddle ~node

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

L Wed, Mar 26 Lecture 16 IM A
Hopf  Bifurcatisa ¢ e
() A stable node @ o
? ] A
beomes  upskale e\
Biﬁxf&&d—{@ns Seen  So ﬁﬁ-r invo lve ® 1 >0
A=0O 4 He cobicad peﬂ\)@.

@ HOPF BiAUCQ:ﬁM

Bifurcakisng  ocews  obien

IMQ\)}‘ O
O = M — rg — fixed poinks
0 = co+bc’ =0, r=1

—

[wo  cages - n <o

o
Ungrable

spiaf

ML O

Shable 5PlY‘oj

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

CQI\VB(: tn X/y A{- = ¢ — (‘)
0 = co+br”

L=CcosO, y= csing

9.(,: ¢Cos@ - §3in6 P(Mj in

%= (mue oo - ¢ (cot be?) ind

= ux- (X H)x - (\j(w%(xﬂy*))

= JAX - (/O('y " I'\I;jlnef‘@fa{ef TS

8: WX JhY  + o A=1 u Lo

=%
Elgownlngs  ace x)\-: el | LW M)

As /LT, &l}*m\/al,ues crosS  He Ewajivg axs .
Ty!)es' of HOP/' Bi'ﬂtfcalv’s«x:

Su{)ercri\ico\o

Subesi beo L im-class  exescise
Saddlle - naple
(3% —perl'Oo(

hemoeclinic

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

EDQQA' pesi odi C;'I"/ Mon, Mar 31 Lecture 17

e xR X €eR

then Hee  phase Space 15 a0t e ))[o«ne buk
Ye  sudace of a dsrus

— -~

i!igr",
LA -

~ -~

r~.

Simple n=2  <ysfem  with periclic  coprlinates
é,‘—‘ &, % foc  some Castot s

92'-'— W,

We uS'(.(aud Hain e of n=2 dyﬂamics e IR2 > x

But if e two variokles con e inferprdesl a0 a/ﬁkf

o EAlquasiperiadicity

X2

is instead

Plof W:jechsics b diﬂowf’w‘s.@

/1 1-52 = 10— 192 -
O
/ O,
» Revoluhieas in 6, :
qu/ / R&IOMMS 0N 99_'.
/ /.

R %

20

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

L, = 2 p@va[u}{sm in B
o, = 6 Revolutigns  in  6a
2 fiw,n b=w=s [ f .
4 Revs in O : 2.
. Rev's in 92 : 5
q // @
2 " 6 = 1) 1

Trojechsries are S{Taiﬂla{ Lines  enifh ;lope £ [0,

if HNef(d, = P/ol, for  seme inkﬂers P’?/

then 9 Complefes P tevolubigas in Hie tme
0 Cormp lefes Ci' revoluh 848 .

oy fajectsey Flls Hhe phowe space  without exer sepeaking,

.hc w./w2 imeG!lQ/(, F/ew N pWe SPace 15 Wiperiodic_;

These  were cxowflcs of periodic Floww an tecus.

\'it\\/url' com [ E4 1quasipexioalfc}fy %/

/

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

The Leseay e_c';m;ﬁo.n$
= oly-x)

y = Xy
> = xg-— 4

- Naalineos
— 3-dimensianal phme fpace

- Spmpelic : (%y.2) —— (x-y,2)

o >0

tinyurd. com [Eatlotenz ]
ert/uﬂl,cowz [Eqlotenz)

The Lorenz equations 0=10,b=_8/3,r=28

I‘”}!\f \\ M () ” \C ‘

i'\w
\\'

Wed, Apr2 Lecture 18

[
~~H’*’\"'~”\’\'\’H\\H [ | ‘l H \‘n uW J \

L]
TR

\H‘\\ \ 1

ﬁl
Vojumes ia
with  hme

- Dissipative phase

ie. Z:f(z) |

Vf <O IOI 0'/94//&1"7& 977{6"“3'

n

Spq ce  Sheynk exped Gfiﬂg%

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

(£ V'f >0 n Seme

VolumeS  exppnol
it v.f <o

volumeS  sheral

fegion

(4 7] (A
X=v v=—X X=v vU=—X-V
Nen-dissipative ~ dissipadive  Syster
I‘, r__l 1 I;
; Q o_”'oo)('
| s
S o ] 3 inikal S o ) ]
et=0 Gaglitions t=o0
e t=m/2 ] t=m/2
tex <& bl
et=3n2 “Het=3n/2
e t= I577/8 t =157/8
e t=97/4 t=97/4
- e B S B P N
-2 -1 (o] 1 2 -2 —1 1 2
x x
Te fofe of CLa,je_ ol Wl es 15 V= S LV‘f)OW
4

legaz - V-f =

~> V£ = -O".—l—b | J{— l«affw b noF be o

-
=

= (s+14b) V
—(T4l4b)b

v(x) = Vip)e

funchisn of (% v, z) (ot
ev¥ywhere.

Instructor: Emad Masroor




ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

RBecause of dissipakion

- Quasipexiodic.h s not  alowed because 9-p- Flacw

occus gn Yae surface of a fixed torus in phase Space

But if YolumeS in phase space ore a)we«y; S‘hn‘nlm‘cy, Y

cont howe Sudh an  ivariank  fecus.
— No  repellng Fixed  points o repelliy closeol  gebits

Gre  ollswed . \q\&%

A

A

Fixed Points of |lereaz SyskM

(x,‘j,‘Z) T Q 18 a‘wajs o bBxed P{'

(X,y,Z) = (‘_‘:\/b(r-&), f,/bU‘—l), ‘\—l) are  fixeol pts

il >\
Ltneos SFabiUfy of a;.‘au'r\:

.. ]: [J p (fﬂx] (G = B2 ooty diehion

N ] Z N
7 | Y [ Z

= (o) (> 1 : Saddle pt
= 0 -0c =0 (t=r)) £<I : ¢hble node

L

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

C"and € ae stable fr | KOG = o—(“':“tlg‘)
-0~

unstable * WS

limiteycle =~ T T ---- AR C (l,.j;\\‘l*"{

stable ) L
| origin | stable fixed points C*, C |

transient chaos strange attractor

%o whak exists affec €=f, 7
-lvajecfsﬁes deat g0 out fo inFm:ly
T (ﬂ' can be shewn) thee ae no  Sheble Lmit cyc[r_s
- N0 Aﬂ“ﬂt‘_ﬁg fxed pts.
- but plase  space 18 digsipobive
< gallosenz 3>
~ A Slmye, oMtactol
Afacter :

1. A is an invariant set: any trajectory x(#) that starts in 4 stays in A4 for
A all time.
|p A 13 an 2. A attracts an open set of initial conditions: there is an open set U con-
taining A4 such that if x(0) € U, then the distance from x(¢) to 4 tends
alh actsc i+ lw_\ — to zero as ¢t — oo. This means that A4 attracts all trajectories that start
i sufficiently close to it. The largest such U is called the basin of attrac-
thete popertes wnokh o
3. A is minimal: there is no proper subset of A4 that satisfies conditions 1
and 2.

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos

Swarthmore College - Spring 2025

An  obkaclse
of  the

5 73|6M

%fﬁafz

F&I [,64'36\ zc S
exhibits

o defeminishe  gyskm Wk shows  gensifive
alependeacc on  inthad cenolifigas.
S(4)
s ) how far
Y o apwf' A
He two

howo o cafain Sl«afe — what is He Shope

Lorens  alracter 2 — direaging "2.95"
erk/uﬂerOM /E%Qoranzf»

c=10, b=%3 r=29, He
Shoye fractnet are chabic eqes.

pwmder g
Chaos

Clno.os s ape,ﬁodic 1»:5—+em behavigws in

My’e_cfﬂ'r'es

X[k + X (k) + SChe
e
use both as inale.penofes\i ,‘ See hsw § evolwes
O g l.n il'; al C,g.([ d/. Ha{[ g . Two traj fmelEes f:om ® SHown after 100 Time Units
Ax Az Difference in coordinates log (0]

401

X z

30
20
10

m r\,

s i)

H 'HV (\ \\ Ih Ml \ L "»'n'u\\

| u/w u \

-t

40 60 80 100

M

20 40
-10p I
-20F

-30F

60

|
slope 0.9
|

Instructor: Emad Masroor



ENGRI1 - Nonlinear Dynamics & Chaos Swarthmore College - Spring 2025

Mon, Apr 7 Lecture 19
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Wed, Apr 9 Lecture 20
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~ Mon, Apr 14 Lecture 21
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Wed, Apr 16 Lecture 22
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X
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- Wed, Apr 23 Lecture 24
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