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1820

Principle of Sufficient Reason Leibniz

Free Will is an illusion Spinoza

Heisenberg Uncertainty Principle

Godel's Incompleteness Theorem

Wed, Jan 22	 Lecture 1
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EIRf x t
a chaos is impossible if 1 3

10 Xo

To solve this IVP means to find
a function X A that satisfies A

analytical solution use MATH
numerical solution use computer

A solution may exist for all t EIR
or for a subset of IR

x f x t first order
f x x t 2ⁿᵈ
f x x x t 3ʳᵈ

e.g 10 x f x x autonomous

o f x x t nonautonomous

10
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Equivalence of ntʰ order differential equations
and a system of a 1ˢᵗorder

1 f x x x x x x

it is always possible to write an equivalent
system of n 1ˢᵗ order equations

Define y R J y
j 93
93 Yu

jn Yu
J f Yi 92,93

Any dynamics problem can be written as

feel we

11



ENGR91 · Nonlinear Dynamics & Chaos Swarthmore College · Spring 2025

Instructor: Emad Masroor































































































































































































































f x XER
10 Xo nxn

i
is linear if it can be written as Ax

n 1 linear increasing n

chaoslines
increasing nonlinearity

here

n 1 nonlinear
n 1 nonlinear

sin analytical X A function

6 Xo numerical ti Xi

geometric

Analytical 1 sin x

cosec x dx Idt
use t 0 Xo log cosec cot c t
to find C
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log cosec to cot to t
cosec cot

Numerical
off sinx

atif
Xn Sin Xn Xn At sin Xn Xn

n 0,1 2,3
in

Geometric

xThe state of system
is a point on the
x axis

x ̅ 0 moving to the right

moving to the left
call this flow

A

mx x
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Two kinds of fixed points emerge

in nx

ex fix
ATTRACTOR REPELLER
SINK SOURCE
Stable unstable

PhasePortrait for 1 d systems

n Each is

a trajectory

x

system x ̅ f1x

one phase portrait
a few fixed points
infinite trajectories
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A diagram showing
all qualitatively different trajectories
all fixed points

Note fix must be a function is
in addition we will work with
f X s that are nice

sufficiently smooth not allowed

Examples i rNf1 Logistic Equation

N people
Trajectory

a
1 1.8

carrying r day
capacity k people

IN people day
Initial Condition

N t

2 different
initialconditions

not

Wed, Jan 29	 Lecture 3
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Calculating curves NIA
X 1 x with xp x

or

Note It can be shown that oscillations
and overshoot or other nonmonotonic

behaviour is impossible in

f x XER
n

Ke
in S H O

titi
F Iii

cx.tk x 0

very viscous fluid c

But 0 f O Of 0,2T can have
oscillations
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we reinterpret 0 370 to mean

D 10
i e O lives on the circle here not

on the real line no
720

so

Potential
if f x and f x can

be expressed as

f x x

for some function V X

then V x is called a potential
for the dynamical system f x

Flow occurs downhill inVÉx

strogate 2.7 shows that Its
along trajectories t
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f x 2x V x x

fix

Linear Stability Analysis of fixed points

Suppose is a value of x where f x 0

What happens to X if it is initialized close
to

Let n t A

n x ̅ f xSnet
4

_o

ri f x f x n use Taylor series

assuming n small

f x.tn tnf x n'f x

FEl1 to
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Evolution equation for small perturbations
7 away from

independent variable

Bifurcations x ̅ farameter
Let the system be parameterized by
one or more parameters r How does
the qualitative behaviour of the system
change with r

Saddle Node Bifurcation

r x one dimensional
first order

x ̅ nonlinear

Hi v
a Ignisslowdn

r so 5 0 r 70

Mon, Feb 3	 Lecture 4
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r n ax
t

increases r

o
Bifurcation Diagram for
Saddle Node Bifurcation

Transcritical Bifurcation

rx x2
x x x

5 0 r o v70

X
exchange of stability

r

Bifurcation Diagram for
Transcritical Bifurcation



ENGR91 · Nonlinear Dynamics & Chaos Swarthmore College · Spring 2025

Instructor: Emad Masroor































































































































































































































How to calculate Bifurcation Curves

x r tanh AI

Find fixed points for which f X 0

Here f also has a parameter r

Solve f x r 0 for
many r's

Gives r pairs Plot them

with rootfinding program or by hand

eg for system A

Solve 0 r tanh for x

after setting r to some value

set to some value find r
1m
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Pitchfork Bifurcation

rx x

X rx x3
supercritical
subcritical

supercritical new fixed pts appear above critical r

x ̅ x ̅ x ̅

x xdoaoss.ly
r so r o r o

stable

g

r F

Bifurcation diagram
solve for six
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subcritical pitchforh X r x

x ̅ x ̅

Nx x for
r o r o r 70

A
unstable

Jable
unstable

unstable

Wed, Feb 5	 Lecture 5
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i f xir r to r 0

Saddle node x r x 1 stable None
1 unstable None

Transcritical x rx x 1 stable 1 unstable
1 unstable 1 stable

Pitchfork

supercrit x rx x None 1 stable
1 stable 1 unstable
None 1 stable

subcrit x rx x 1 unstable None
1 stable 1 unstable
1 unstable None
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A

In practice systems unstable
with a subcritical

stablePitchfork bifurcation stable r
don't actually go off to x

instead higher order terms unstable
play a stabilizing role

subcritical pitchfork

x ̅ rx x
5

Ismallxthsgoverns the dynamics
for large x the x term plays a role also

Saddle node bifurcation at
ᵗ

Subcritical pitchfork bif at 0 stable
Q

st
Decreasing

FIFE
Hysteresis
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Show that with appropriate non dimensionalization

in a u b u cus is equivalent to

x ̅ r x x x where x ̅ 1
ii E

fT 52
r ac b

Dynamics with re

f x XER

Conventions the state can be written as

Note f is a

or Y
or rector valued function

of a vector argument

nonlyonevariabledeterminT1 dimensional state a

change

state

Mon, Feb 10	 Lecture 6
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2 dimensional state

y
x determines state

change x y

The solutions of X f x xeR 110

can be visualized as trajectories on the pheplane

ax
1

state x.v
position Velocity

respeed Y Ex
respeed

HAD
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is a vector with 2 components defined
for any point x y on the plane
i e is a vector field

Trajectories are x.lt X.lt functions of
time parameterized by the initial condition

or numerically ordered pairs parameterized by t

Trajectories are everywhere tangent to vector field

if f X is linear without loss of generality
we can express X f x as

At lift it
study a particular linear is always
system a fixedpttilt ll
x ̅ ax

j y
t x.cat

y A Yet
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stable node stable node line of fixed pts

symmetric node saddle pointstar

General n 2 Linear systems
9

Recall that for A the x and y axes

were treaties
ponential in

time

Wed, Feb 12,	 Lecture 7
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Are there such trajectories for general A
What directions do those trajectories travel in
i e is there a vector X and X such that

t etty x Ax

e
t Aeftv

I A y X eigenvalues of A
eigenvectors of A

det A X I 0

A XI
aa 1 d x cb 0

x Xa Xd ad bc 0 tr trace
def determinant

ii
X TX Δ 0 Equation for eigenvalues of A

Note once you know X it is

Ff straightforward to calculate

by solving Xk AI for the two
components of
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As long as X X2 any state of the system
can be written as a linear combination

of the eigenvectors Y and V2

I a k ask for scalars a and as

X A a.lt Y az t Vz

As I varies over time these scalars vary exponentially

in time
and it's possible to write a general solution X A
for the differential equation A x

X t c e I cae ᵗk X's I's are
eigenvaluesand

No such general solution exists for x fly eigenvectors

if f is not linear in 1 C's are const
coefficients that

Exercise solve x ̅ xty YE
depend on initial

if 4 24
condition 110

Ax with A 4 1 E 1 Δ 6

First find eigenvalues
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7 6 0 x 31 27 6 0
3 X 2 0

1 2,1
Then find eigenvectors

1
2

1 11 12 at
1 11 one eigenvector

associated with 7 2

similarly 14 is the 2ⁿᵈ eigenvector
associated with 3

x t c e c é 14 at to

1 133
att

3 c if aeful c 3

4 e e 1
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1 14 d
4 1
X1 2

6

fixed points that
occur in

A classification of Tany n 2 linear system

11,2 TIVET

as
Saddle

Gstable'spoints
Δ

stable spirals

staredes
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ocreaiaed.ly
ff ted

Rex o Reta complex
Re Xi Rectako

I EIR
real
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Romeo Juliet
starts

Rlt
JCA

R J
J R J I

111 11 11
Tostats Tstants

R Romeo's love hate for Juliet Ite The
J Juliet's love hate for Romeo

rateof change of R depends on value of R
J

NOT on rate of change of R J

Romantic styles
x y
x y
X y

i x y
x one lover
y other one

Mon, Feb 17	 Lecture 8
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Fixed Point Types and eigenvalues eigenvectors

Saddle Point
unstaediation

15 a

i.itstable spirals
Δ

stabledirection stables

Nodes tastdire

ff.fr
sloweigendinctioneas

o

unstablespirals

stable spirals
Δ

abledes

Spirals
units

i
i

Re X exponential decay
stablegspirals

Δ

IM X oscillation
staledes

Wed, Feb 19	 Lecture 9
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The phase plane nonlinear n 2

I f x x f x1 x2

x2 f X1 X2
Linear Nonlinear

n eigenvectors paint a n eigenvectors do not
global picture of the capture global picture
phase plane

Features of phase plane

fixed points equilibrium solutions f x Q
Closed orbits periodic solutions I T I t

Behavior of solutionsnefixedpts closed orbits

Tarajeitories
Linearizein this context
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Consider x ̅ et éd 1 y

j y et 1 Y
Find fixed pt O x e

y
1 0

1,0

x xtl y
j y NOT

1 1 10'57 5
6

j xÉf

a

T 0 D 1 saddle

x ̅ f x y and f x y f x y 0

y f x y Let u x x

y y

f x.tn y v
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Iliff I
y.ustrtiT
ma.name fff itttIIiI

Y usfxy.tvty

1 ftp.f JEEiti Enievaluated at 11

ᵗᵗʰ 0

system f 1 near Y

For other types of fixed points
the Fi A Y gives a

questionable representation of the M
note system f x new x p
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x ̅ x x 1 Find fixed pts

if 2y 2 Characterize each

Y calculate Jacobian
Whatkind matrix
of fixedpt evaluate at each

to

x is it fixed pt

f where is this
matrix on T A
plane

Ex x ̅ y ax x y o.o is a fixedpt
if x ay x y classify its stability

T

1 1

is evanaeat
10,0

Linear theory predicts

Mon, Feb 24	 Lecture 10
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a 1

x ̅ y ax x y
0

if x ay x y

Near the origin looks
like a center

But notice
the axes

O OZoom out a 1

and it looks like
an unstable spiral

Strogatz 6.3.2

proves that this
system is like an

unstable spiral if a 0

stable spiral if aco

using r o coordinated 0 0
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Hyperbolic Fixed Pts

Fixed pts that remain unchanged qualitatively
by small nonlinear terms relative to their linearized
phase portraits
Local phase portrait near a hyperbolic fixed pt
is topologically equivalent to the phase portrait
of its linearized version

a homeomorphism exists between the two

For hyperbolic fixed pts all eigenvalues have

non zero real part

if one or more eigenvalue has zero real

part the fixed pt is nonhyperbolic
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X f x 110 10 IER

if f is continuous and all partial derivatives
of f are continuous on a subset D CIR

then for x in D the I V P above

hire fin
e solution X t at least for

Trajectories cannot intersect

y

solution
non unique

NOTinside ALLOWED

belosed orbit
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Lotka Volterra Population Dynamics

Two species competing for a resource limited
Each species has a growth rate carrying capacity

i rN 1 NK logistic egn

Two logistic equs competition
x rabbits

rabbits
ftp.nstsue

y sheep

x ̅ X 3 X2 2y Rabbits have
higher carrying
capacity

j y 2 x ̅ y
sheep stronger

y n Phase Plane than rabbits

3
1 Find fixed pts 0,2 0,0

6,0 43,43
2 classify usingJacobian

3 find eigenvectors to put lines
and arrows through the fixedpts

3 x
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Building up nonlinear phase plane

using linearizations at each fixed pt

0,2 A Xiz V2
6,0
0,0
43 3 X 2 26 0.591

stable node

Saddle

stable node

unstable node

E

i i

Wed, Feb 26	 Lecture 11
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Linear phase plane VT

I

E
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Attractionparte
f

6,0

Conservative Systems

Given X f 11 IER a conserved quantity
is a real valued continuous function E x const

that is constant on trajectories i e
daffoIf a system has a conserved quantity
chainruleit is called a conservative system

Left Effney
find a conserved quantity
for this system

F x qty
Potential
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x x 1 I F x dV dx

x x dx dV 0

Vtc xx x 0

15 1,711 4m o

xx
we have found that

I VIX is a conserved

quantity

Mx ix kx 0 sino

Find VIX not V X X
None exists
mix kx 0 E coso

E Imx ̅ kx
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When are systems conservative

Physically they correspond to
frictionless mechanical systems others

Mathematically when you can find E I

A positive charge P is confined to move on x axis
ay

r V x_xayT
iÉÉ yp ie ox

Electric Potential iigr
p

PotentialPp x

Force V0 Potentialwell

Er Q ei harz component

Horace t.EE ii.tExEyii tforce

Mon, Mar 3	 Lecture 12
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Index of a closed curve in a vector field

A measure of the winding of the vector field
Let fk IER and C a closed curve

does not self intersect
a smooth vector field doesnot pass thru fixedpts

of the vector field

let bethe angle between

the vector field and

the horizontal for any point onC
tan

net charge in
over one c c w loop

Index of C is around C

Ic 0

net number of counter clockwise revolutions
made by the vector field f x as I
moves counterclockwise around C
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I 1 IE I

lbs

i 0
spirals centers stars degenerate nodes Ic I

Saddles Ic 1

Ic 0 if no fixed pts inside C

If C is a trajectory Ic I

If C can be continuously deformed into C

without passing thru a fixed pt Ic Ic
If all arrows in the vector field reverse directionF F
then I does not change
The index of a fixed point Ic for any C that
encloses only that fixed pt
Any closed orbit in phase plane must enclose fixed pts
whose indices sum up to 1
If C surrounds multiple fixedpts I Σ index of each fixedpt
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Limitcycles
Mx ex kx sin cot

This is not an n 2 dynamical system X f X
cutaneousAn 7ᵗʰ order time dependent egn.is a special case

of an n 1 ᵗʰ order autonomous dynamical system

x x sin cut

X

32 41 É sinx

w

Wed, Mar 5	 Lecture 13
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Limit cycle is an isolated closed TrajÉtory
in phase space

mxfxtkx 0

IQ

closed orbit that closed orbits but
is a limit cycle Not limit cycles

vanderpoloscillate.it µ v21 XtX 0

2 diff limit cycles

All trajectories approach
the limit cycle b c it's
Stable opposite for unstable

ones
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Proving the of

of limitcycles
1 Gradient systems approach

If a system f x can be written as I DV X

for some scalar function V X then no closed orbits
exist for this systems continuously differentiable

single valued

Recall in 1 d x f we could always find
V x such that f x

dvldxff.amYl1d in 2 d not so sure hard to find V

O sino 0
Proof V11

dt

x X2 change in V from 1 0 to t T mustbe0

sinx ΔV T5dv
defeat

x six b found T.lv Idt TEX
lookfor v s t X X at Ilixidt
f TV 2 X2

snx.fi Icntra

Mon, Mar 17	 Lecture 14
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2 Liapunov Function approach X f X with f 1 0

If we can find a continuously differentiable real valued
function V that

V X 30 x I then system has no v

1 0 closed orbits

HgV 1140 x

where V X an energy like function that
decreases along trajectories

3 Dulac's Criterion x FIX and f is defined
on DCIR a simply connected

subset

If there exists g x such that D gx has one

sign throughout D then there are no closed
orbits entirely within D

a
V gi dA f ginds horset

0 In 0

no C exists
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Presence of Closed orbits Poincaré Bendixson Them

ifT D is a closed bounded subset of IR
2 F x is defined on some openset that includes D
3 D does not have any fixed pts
4 There exists a trajectory that is confined in D

starts in D and stays inside D for all futuretime
trapping regionTHC is a closed orbit or approaches a closed orbit

I gy Itp events anything too wild from happening
in the phase plane 1 x
we know that trajectories of 1 711 cannot selfintersect

If a trajectory is known to be trapped in a certain

finite subset of IR it must eventlystledown

f Iannottiffandering forever it will eventually run
out of room

In n 3 autonomous systems chaos is possible because IR has
infinitely more room than IR If n 3 a trajectory can be
confined to a subset of IR and wander around forever
without intersecting STRANGE ATTRACTORS
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Bifurctins A bifurcation occurs when the topology
of phase space changes qualitatively

µ x

j y

Saddle node
Bifurcation in 2 d

Saddle
stable

occurs in one dimension

y
ax ty

is by

t.tna
b70X.y7O

in this system bifurcation

occurs on this curve is
X

tinyurl.com E91bifurcations2d

Mon, Mar 24	 Lecture 15



ENGR91 · Nonlinear Dynamics & Chaos Swarthmore College · Spring 2025

Instructor: Emad Masroor

































































































































































































































E
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a b a bj o1

to

x x x

Fixed pts are at axb x2 x 0,0
and at 1VIFaI

3 Two of the fixed points
meet and annihilate each
other 12 and 3

Example of a saddle node
bifurcation

1

in class exercise
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Imx

Hopf Bifurcations Limits
A stable node
becomes unstable Re

Bifurcations seen so far involve
1 0 at the critical point

Hopf Bifurcation

Bifurcations occur when
IM 1 0

i Mr r fixed points in r occur at
0 w br r o r If

only if m is positive

Two cases µ SO µ 0

stabtityde

I
t

MCO

stablespiral

Wed, Mar 26	 Lecture 16
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convert to x y i Mr r

X rcoso y rsing
O w br

icoso rosino plug in

x ur.rs coso r w br2 sind

ux xty x y w blx2 y2
Mx wy higher order terms

j wx my A

fu
w

onEigenvalues are XMiWI
As m eigenvalues cross the imaginary axis

Types of Hopf Bifurcation

supercritical
subcritical in class exercise
Saddle node
period

homoclinic
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Quasiperiodicity

We usually think of n 2 dynamics on R Hx
i e x ER X2EIR
But if the two variables can be interpreted as angles
then the phase space is not the plane but is instead

the surface of a torus

simple n 2 system with periodic coordinates

8 w

q n

for some constant w's
Eqquasiperiodicity2T

Plot trajectories for differentw's 0
2

of 1 2 10 1 92
21T

stat O
10 Revolutions in 0
Revolutions in 02

7 3 9
b

Mon, Mar 31	 Lecture 17
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W 2 Revolutions in 0

02 6 Revolutions in 02

Rev's in O 2
Trajectory goes twice around

1 Rev's in 02 5 the large circle 5x around
small circle comes back to

7

3 B

startingpoint

These were examples of pedic How on torus

Trajectories are straight lines with slope walw
if wilw P q for some integers p q
then 0 completes p revolutions in the time

02 completes q revolutions

if we w irrational flow in phase space is quasiperiodic

any trajectory fills the phase space without ever repeating

tinyurl.com E91quasiperiodicity
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The Lorenz equations or 670

i oly x

fYzZ
Simplified model of
atmospheric convection

Nonlinear

3 dimensional phase space tinpurl.comE9llorenz1
Symmetric X y 2 x 4,2 tinpurd.com E9llorenz2

Dissipative volumes in phase space shrink experientially
with time

i e I x V 0 for dissipative systems

Wed, Apr 2	 Lecture 18
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of
If VE 0 in some region volumes expand
If V E 40 James shrink

non dissipative dissipative system

ii

The rate of change of move es is 1 dV

to Lorenz v f f IE xe

VE o 1 b It happens to not be a

function of x y z Const
lot b V

everywhere

A o e
lot bit



ENGR91 · Nonlinear Dynamics & Chaos Swarthmore College · Spring 2025

Instructor: Emad Masroor































































































































































































































Because of dissipation

Quasiperiodicity is not allowed because q p flow
occurs on the surface of a fixed torus in phase space
But if volumes in phase space aretways shrinking you
can't have such an invariant torus

No repelling fixed points or repelling closed orbits
are allowed

If.FI
Fixed Points of Lorenz system

X y 2 Q is always a fixed pt
c c

x y z be but r 1 are fixedpts
if r 1

Linear stability of origin
linearized Lorenz equations X o y x

ij rx

yz12
contrectingdirectionlitf.it1 z
T 0 1

Δ o or op ry
1 saddle pt

r 1 stable node
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C and C are stable for 1 r I T.IE
C9Esiity

origin

QuelianHopf

Titillation

so what exists after r rH
trajectories don't go out to infinity
lit can be shown there are no stable limit cycles
no attracting fixed pts
but phase space is dissipative

Eallorenz

A strange attractor

Attractor

if A is an

attractor it has

these properties
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An attractor has a certain shape what is the shape
of the Lorenz attractor dimension 2.05

tinpurl.com E9llorenz3

For Lorenz's parameters 0 10 b 813 5 28 the

system exhibits chaos Strange attractors are chaotic ones

Strogatz Chaos is aperiodic long term behaviour in

a deterministic system that shows sensitive

dependence on initial conditions

Slt
Il fritz how far

apart are
68112

trajectoriesIII site214 S

Tsebth as independent See how 8 evolves

as initial conditions
initiatagities
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Time Horizon of Prediction in systems with
sensitive dependence on initial conditions

1151411 Isolle for Lorenz system
0.9 when
0 108 83 5 28

Find time t at which two initially nearby So

trajectories have diverged by more than

11s lett

ee teE IIIa

Example
Exponent of the

Two measurements were made system 0.9 forLorenz

to a precision of f 107
We consider deviations more t

10.2234
than E 103 to be unacceptable
Increase initial precision
Now to 10

15
1100,000000 moreprecise

30 7

Mon, Apr 7	 Lecture 19
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What exactly is X
2

sphere of initial conditions Ellipsoid with principal

with infinitesimal radius 8 axes

810 S lose
t

810 Scope
83101 53107 e 3ᵗ

At large times the largest Xk controls the size of
the ellipsoid Taunov Exponent

Negative Xk that direction shrinks
Positive Xu that direction expands

If Liapunov Exponent 0 sensitive dependence
on initial conditions

tinpurl.com E9ilorenz4 remit
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order chaos order chaos
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Continuous Time Differential Egs

b b
Discrete Time Maps

x ̅ f x Xn f Xn

2k2kEur These two are not the same even
if you have a map and a

differential egn describing the same

underlying system

If you know f for a map
you can plot 2 1

by graphing the function

For Lorenz system you have 2n

to do this empirically Lorenzmat

Wed, Apr 9	 Lecture 20
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520

2

iii

time
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All figures produced
with 0 10 b 813

5 28

when Lorenz system
is known tobe
chaotic

looks like graph of
1 12211T

with appropriate shifts
and rescaling
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Why are we looking at maps

Behaviour of Lorenz system is not well understood

A simple r mathematical model that captures
some aspects of the Lorenz system might give
us some insight
Can 1 d maps have chaos

In some physical systems it makes sense to

think of time as discrete

Xn f Xn f IR IR

f is a map from IR to IR
we'll study f's that are continuous
and piecewise smooth
no jumps cuspskinks are allowed

Some more examples of maps
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Maps can have fixed points and periodic orb

e.g consider the map Xn 1 Xn

if Xo 1 X 0 X 1 Xz 0

step

41
We have found a period 2 orbit of themap A

Note a fixed point can be called a period 1 orbit

Xn 1 Xn
step

Xn X of
tiledpeptide 1 orbit

nth
exists at solution to egn
Xn f Xn or x 1 x

Xn 1

For a given f how do we find period n orbit

f f x for n 2

Mon, Apr 14	 Lecture 21 



ENGR91 · Nonlinear Dynamics & Chaos Swarthmore College · Spring 2025

Instructor: Emad Masroor































































































































































































































Stabilityonmaps if f for some map
Xn f Xn

Let's see what happens to
X 7 for small n

under the action of this map
When 7 0 solution remains at x

Xn theme at't
ftp.gtin

What happens to
4 under map

FFTi.FI
wasimman

f x is just
a number

andget a linearized map

Matt X Nn N No
12 Xn X'no
1s Xna in no
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if 1 1 1 n o asn x

if 1 1 1 y earn x

Evaluate stability of fixed points in the
mathematical model of the Lorenz map

2 1 1 22m 11

where is the fixed pt
is it stable

1 12 1

11

V14 1 x

2x 1 1

x 4 2 0

4 2151 2152 12 27

f x f x 1 12 1 ignore the 1.1
f x 2 1 2

E
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Now evaluate at x

fix It In
f IX 2.41 unstable

ThelogisticMap Xn rXn 1 Xn
parameter

recall N rn 1 1 oarsu
I

increases

carryingcapacity K
growth rate r Xnt

N
This system hasthe following
behaviour o
n We now observe the

logisticmap's behaviour

for different values of r

time

An
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r 2.5

r 3.1

r 3.5

r 3.55

r 3565
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As r increases the period of the cycle doubles
successively

Draw the orbitdiagram of the Logistic map

1

of

similar to a bifurcation diagram
but only includes stable structures

orbits p fbits
period 2 orbits

we

At r 1 how does logistic map behave

Look for solutions to
xn all xn r Xn xn l

1 x

x x x x 0 only solution
r 2

At 5 2 Solve 7 11 x

Wed, Apr 16	 Lecture 22 
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2 2 2

2 2 0

x y
x happens to be stable

Two solutions ignore x 0 unstable

At r 3.5 Xn Xn 1 Xn xnt.hn

XLEE.lysatixedpt
unstable doesn't make

it into the orbit
diagram

Fixed points of the 2ⁿᵈ iterate map correspond

to period 2 orbits Example

ie find Xn such that Xntz Xn forsomemap f

f Xn Xn
a period K orbit is solution of

FMXn k Xn f x X

Typically graphical methods are used
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Period doubling route to chaos

At large r between v3.7 and 4 the logistic
map shows signs of chaos

period
8

peg

I
Perils

peristt

Pile start out with anyvalue of x
Iterate the map say 1200 times X X x

Drop the first say 1000 values

Plot all of the most recent 200 values
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what
happens

here

period o

orbit

A period k orbit comes back after k steps
A period no orbit comes back after a steps

never repeats
at some

liniey.finftEtexactly
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15 copiesiginal

Titgram

A
tip

To 4

This is a Broccoli
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Xp
Features of Orbit Diagram

int ve
r Lr r

Feigenbaum's constant S

characterizes period doubling in all unimodal maps
i e anything with a graph like

µn
For some value of r 3.55 r 3 70
the system becomes chaotic orbit diagram is
dense no value is ever repeated but you basically
core all numbers b w O and 1

Mon, Apr 21	 Lecture 23 
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E Perioddoubling

Xn 5Xn 1 Xn

one standard
deviation

Eidian

U
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The probability density
function That

emerges from this
data shaped like is reminiscent

of the probability distribution known as arsine
A distribution whose cumulative distribution CDF

is arcsink and its PDF is

related to random walks
each step two possibilities up 1 take n steps

distr
o over time is it more likelythat he will

spend more time on one side of the line
or is it more likely thathe will spend equal
amounts of time above below

to steps

10,000steps

cumulative area under curve is the probability that one

person will win a long coin toss game If area is zero
a tie will occur Ties are unlikely
Thisprocess leads to an arcsine distribution of outcomes
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When a large number of
coin toss games are

sampled the proportion

of time for which one

player is in the lead
is very high and a

long running tie is unlikely

Player 1 Tie Tye 2
winning bylargemargin winning bylargemargin

Kolmogorov Smirnov Test

Compare a sequence X X X Xn against
1 a normal distribution
2 a different sequence with slightlydifferent Xo

P value probability that data
came from tested distribution
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Autocorrelation Test

Is a signal correlated with itself Noise is not

correlated with anything not even itself

a b c d X Y Z
shift left compare are theyclose

Sadie x 4,2 if yes autocorrelated

transithiur Thtittractor

Existence of periodic windows canbe predicted by
examining the nthiterate map fix

f x f x f x

3.835

period 3 orbit
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Physical Systems that exhibit chaos Y

tox
1 The double fgyqd.la pendulum in

0

with or without damping
Mi

02
2 The simple driven pendulum M2
with damping La

1

rTusion driving
force

extspeed
mg weightfriction

Wed, Apr 23	 Lecture 24 



ENGR91 · Nonlinear Dynamics & Chaos Swarthmore College · Spring 2025

Instructor: Emad Masroor































































































































































































































Potential Energy V mgy mgy

Mig cost Mag L Coso costs

kinetic Energy T mvi I m.TV 1 Ex
91miT Sind

4 cosa
M2

I Lisind 22sin02
f

licosa Ecoso

T F Vi 40 coso similarly for v7

0 sino

T matai militz cost a a

2
miI
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f arenerative c

j 1,2

Two nonlinear 2ⁿᵈorder non autonomous differential eq
each equation can have 0 O O O O O

coupled can't solve separately
can convert to four 1ˢᵗ order ODES

unknowns O Al 02 t
I 0,1A Q A

call them x

x ̅ F x ̅ x ̅ f x x x Xu
x ̅ f X X2 X Xu

f3 X X2 X Xu
Xn fu X X X Xu

Phase space is 4 dimensional

if you use smallangle approximation carefully
then F X becomes Ax ̅
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8
L r

Tension driving
force

Fcoscot

extspeed
mg weightfriction

2ⁿᵈorder
IO Σ torques nonautonomon
in

mL CLO mgtsino L F A

I 0 Esind E cos at

w̅ Tw

0 2BO wo sind rwo cos not

β damping parameter sec V tuning parameter

Wo natural frequency sec

V drive strength Fo mg

Mon, Apr 28	 Lecture 25 
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drivingforce
re scaled

angle of pendulum
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0 vs time

1

a 8

Orbit diagram Foreach V start with some initial condition

Integrate to find Olt to long times Check the value

of O every 1 time unit Organize results into
an orbit diagram e.g Plot the last 1000time
units
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2T

1 1.06

O

1.016 1 0178g1.1081 110826
7

1.08219
Period doubling
route to
chaos

V V2 V3

Is Fifa
18164
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Nonlinear differential equations describe most of the
physical world Linear equations are usually
approximations e.g spring close to rest length small
deflections of a beam constant g for gravity

The number of dimensions of phase space needed
to describe real systems dynamics can get very
large degrees of freedom Explicit time dependence

adds another dimension to phase space Most
differential equations in physics are 2ⁿᵈ or 4ᵗʰ order

Nonlinearity high dimensionality possibility of
chaos How nonlinear A pendulum to large angles O sino

How high dimensional n 2 is enough

Partial differential equations are dimensional
ordinary differential equations

In the 19ᵗʰcentury it was thought that physics in
principle had been solved Initial conditions and
differential egns in future behavior out
Laplace's Demon

Wed, Apr 30	 Lecture 26 
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Quantum physics and general relativity complicated
this picture at v small and v large scales But
until the discoveries of Lorenz in the1960s people

thought that classical physics on which engineering

is based did not suffer from such problems

The discovery of chaos strictly a mathematical

phenomenon in numerous physically important equations
has broken the spell of Laplace's Demon It turnsout
that an adequate knowledge of the initial conditions
is not enough to guarantee adequate knowledge of
future behavior even if you know the governing
equations and their solutions are guaranteed to

exist and be unique

The degree of unpredictability is so great that chaotic

systems despite being deterministic not random
show certain features of random processes eg longtime
behavior of logistic map resembles long random walks
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we therefore learn that there is often a pretty
stark limit on how long we can predict physical
phenomena for even if the physics is well understood
Small uncertainties in measurement will propagate

exponentially Better measurement tools only delay this
inevitable divergence of initially nearby trajectories very
slightly

So the question of whether we live in a deterministic

world is complicated by the presence of chaos in those
equations that we know to be good models of

physical phenomena sometimes even in the simplest egs
Even if the world is deterministic i.e even if
the future state of theworld is a function of current

state of the world it often appears to behave
randomly if chaos is present in the governing equations


