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Wakes are often dominated by vortex structures
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Schnipper et. al (2009)

Leeward vortices in the atmosphere
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Kédrman found a way to relate the wake vortex structure to forces on the body
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numerical simulation of 2D flow past a circular cylinder at low Re
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Kédrman found a way to relate the wake vortex structure to forces on the body
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FD = pr% (Ub — 2U1;)
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Kédrman found a way to relate the wake vortex structure to forces on the body
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Figr. Karman (1911)

— ©©@©@@@©( C ( C ( C ( =

—~USUUSUS (S (K¢

Henri Bénard, “Formation de centres de giration a I'arriere d'un obstacle en mouvement”, Comptes
Rendus hebdomadaires des Séances de I'’Académie des Sciences 1908
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Kédrman found a way to relate the wake vortex structure to forces on the body
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D =pl'w (Up = 2U0) + 5 (1)
What assumptions were made by Karman ? Kdrman (1911)

@ 2D flow
@ Time-periodic flow
Repeating vortex pattern

N = 2 vortex street

°

°

@ Horizontal-only motion
@ Point vortices, ideal flow
°

Vortices in relative equilibrium
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Can we generalize Kdrman's drag law for ‘exotic’ vortex strets?
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Forces on a drag-producing bluff body

We assume: adapted from Kozlowski & Kudela (2014)

@ 2D flow
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Forces on a drag-producing bluff body

We assume: adapted from Kozlowski & Kudela (2014)
@ 2D flow
@ Body moves steadily/periodically with an average velocity Wy, = (Us, Vi)
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Forces on a drag-producing bluff body

We assume:
e 2D flow

adapted from Kozlowski & Kudela (2014)

@ Body moves steadily/periodically with an average velocity W, = (U, Vj)
e Equal positive / negative vorticity shed into the wake
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Forces on a drag-producing bluff body

We assume: adapted from Kozlowski & Kudela (2014)

o 2D flow

Body moves steadily/periodically with an average velocity Wy, = (Up, V3)
Equal positive / negative vorticity shed into the wake

Wake consists of vortices shed along a common axis with possible inclination
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Forces on a drag-producing bluff body

X
W,
We assume: adapted from Kozlowski & Kudela (2014)
o 2D flow
@ Body moves steadily/periodically with an average velocity W, = (U, Vj)

Equal positive / negative vorticity shed into the wake

Wake consists of vortices shed along a common axis with possible inclination

Vortices move collectively with an average velocity W, = (U, V4)
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Forces on a drag-producing bluff body

We assume: adapted from Kozlowski & Kudela (2014)
o 2D flow
@ Body moves steadily/periodically with an average velocity W, = (U, Vj)

Equal positive / negative vorticity shed into the wake

°
o Wake consists of vortices shed along a common axis with possible inclination
@ Vortices move collectively with an average velocity W, = (Uy, V3)

°

At this stage, point vortices need not be assumed
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Consider a control volume moving with the vortices

adapted from Kozlowski & Kudela (2014)

@ Control volume moves with W, the average speed of the vortices

@ Define new variables

.= (§,n) =x— Wyt (=&4+in=z—Wyt

vy = (Ur,vr) =v— W, Wy = Up — W0, =W — Wy

@ The body still has motion relative to the control volume

@ New vortices are created over time in the interior
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Newton’s 2nd Law for the control volume (per unit depth into page)
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Newton’s 2nd Law for the control volume (per unit depth into page)

0
— vd A 2
ot Jad (2)

Rate of change of linear momentum J inside A.

It A) = (Ja, Jy) = / (Ve + Wy ) dA = J,(t; A) + Wy A
A(t)
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Newton’s 2nd Law for the control volume (per unit depth into page)

0
— pvd A 2
Ot J ) ()
Rate of change of linear momentum J inside A. N .
J(t; A) = (Jz, Jy) = / (vr + Wy )dA=J,(t; A) + Wy A
A(t)

JT(t; A) = A Xy X Wr dA - fé[XT X (l’l X VT)] ds J - is the sum of a vortical impulse and

(t) a potential impulse — Wu et.al (2015)

vortical impulse T 4

potential impulse I
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Newton's 2nd Law for the control volume (per unit depth into page)

0
— pvd A 2
ot Jaw )

Rate of change of linear momentum J inside A.

It A) = (Ja, Jy) = / (Ve + Wy ) dA = J,(t; A) + Wy A
A(t)

JT(t; A) = A Xy X Wr dA - fé[xT X (l’l X v")] ds J - is the sum of a vortical impulse and

(t) a potential impulse — Wu et.al (2015)

vortical impulse T 4

potential impulse I

In complex form,

I.A(t; A) = Hys + iHry =—i erdA [FlOW in A is allowed to be rotational. ]
A(t)

Ic(t, C) = [Flow on C is irrotational. ]

“ifondc
%c/_/
Let &t of this be ()
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Newton’s 2nd Law for the control volume (per unit depth into page)
+ ?{ pv(v—W,) - nds (2)
c

Flux of linear momentum J across the contour C

7{pv (v—Wy) -nds= p%v,n (v -n)ds +pVVV/ (Vy-vy)dA
c [ A(t)
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Newton’s 2nd Law for the control volume (per unit depth into page)
+ ?{ pv(v—W,) - nds (2)
c

Flux of linear momentum J across the contour C

7{pv (v—Wy) -nds= p%v,n (v -n)ds +pVVV/ (Z—v7)dA
A

c c (t)

B _ 0y _ Oy
= p%V'rdwT7 where u, = an y  Ur = a£
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Newton’s 2nd Law for the control volume (per unit depth into page)
+ 7{ pv(v—W,) - nds
c

Flux of linear momentum J across the contour C

%pv(v—Wv)-ndszp%vr(vr-n)ds—i—pwv (Z—v7)dA

c c A(t)
— 81/}7" a’lp'r
- ™ Ty h T ) T — =
p%v dy where u an v o€

In complex form,

fpv(v —W,) -nds = pfquzﬁr
c c

(%)
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Newton’s 2nd Law for the control volume (per unit depth into page)

=f() )

Instantaneous external force on A in complex form:

F(8) = folt) +if, () = D(t) — 1£(t) + 7{ pd¢
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Newton’s 2nd Law for the control volume (per unit depth into page)

=f() )

=

Instantaneous external force on A in complex form:

Mo/

F(t) = fo(t) +ify(t) = D(t) —iL(t) +1 7{ pd¢

unsteady  form of

Odr . — A !
1%p dC = 71p (;i dC —i g %(wr + WV) (wr + WV) dC Bernoulli's equation.
C C C
= +f(wr+Wv)2dZ+p7{quwT
C C
(*) ()
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Newton’s 2nd Law for the control volume (per unit depth into page)

=f() )

Instantaneous external force on A in complex form:

F(8) = folt) +if, () = D(t) — 1£(t) + 7{ pd¢

unsteady  form of

Odr . — A !
1%p dC = 71p (;i dC —i g %(wr + WV) (wr + WV) dC Bernoulli's equation.
C C C
= +f(wr+Wv)2dZ+p7{quwT
- e c
(*) ()

Terms (*) and (**) appear on both sides of Newton's 2nd Law
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Putting it all together

@ Take the complex conjugate of Newton's 2nd Law

@ Make A so large that w, = W, on Cy, C2, and C3
(but not on C4)
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Putting it all together

@ Take the complex conjugate of Newton's 2nd Law

@ Make A so large that w, = W, on Cy, C2, and C3
(but not on C4)

0 —
D(t)+i L(t) = —ig/(:4(wr+Wv)2dg +p 5 Ll A)

vortical impulse inside A

in general time-dependent, call it 6(t)
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Putting it all together

@ Take the complex conjugate of Newton's 2nd Law

@ Make A so large that w, = W, on Cy, C2, and C3
(but not on C4)

2 0

in general time-dependent, call it 6(t)

Integrate over period and divide by 7" to find the average forces

{l>

1 to+T p
D+il =~ 5(t)dt + = AL
vie=z [ et 230
change in vortical impulse
inside A over one period
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D(t)+iL(t) = —iB/(wr—&—Wv)Qd(j +p% Ta(t; A)
Cq —

vortical impulse inside A
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Q. How much does the vortical impulse change over one period?
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Q. How much does the vortical impulse change over one period?

to+T

D+iz::l/ 5(t)dt + £ AT
T to

Answer: equal to the vortical
impulse in here!
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Q. How much does the vortical impulse change over one period?

to+T P
D+ill:?/ 5(tydt + £ AL, “
to ol O O~ —
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Answer: equal to the vortical|__—

impulse in here! ¢ Cr
—le—jc— «—
£t T
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Also, the period T' = T_U hence we get

. 1 [lotT Up— U, ——
D—i—lﬁzf/t a(t)dt—i—p(T) Ia,,

0

where I4,, = —i (wrdA
Arr
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Assuming a point-vortex description of the wake ...

For point vortices, IAII =P —iQ
Uy — U
D—l—i[’,:p(%) (P+iQ)+

N N
4 2 7T ™
P I NS, T [7 — } [7 _ }
4L ; J+Z ] Jtk L(ZJ zr)| cot L(ZJ 2k)

Jj=1
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Assuming a point-vortex description of the wake ...

For point vortices, IAII =P —iQ
Uy — U
D—l—i[’,:p(%) (P+iQ)+

N N

ﬁ ;I‘?#—ZN;F]-F;C [% (zj—zk)] cot [%(z]—zk)}

Jj=1

simplifies to — 47’[’1_,411 Uy

if the vortices are in relative equilibrium

Also valid for finite-area vortices —
Saffman & Schatzman (1982) followed by O’Neil (2009)
have shown this for N = 2

Masroor & Stremler Forces on a body with a vortex-dominated wake 10/11



We obtain a generalized Karman-like drag law for N-vortex streets

D—l—iC:p(Ub_LiZUV> ”Lﬁf ( ) 3)
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We obtain a generalized Karman-like drag law for N-vortex streets

D—l—iC:p(Ub_LiZUV> ”Lﬁf ( ) 3)

When N = 2, reduces to Kdrman's drag law

'D:pl_‘% (Ub —QUv) + —
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We obtain a generalized Karman-like drag law for N-vortex streets

D—l—iC:p(Ub_LiQUV> ”Li ( ) 3)

When N = 2, reduces to Kdrman's drag law

'D:pl_‘% (Ub—QUv)—F —

Summary & Conclusions

@ Given some assumptions about periodic vortex streets with
N vortices per period:

@ The forces are found to depend on the vortical impulse in
one period of the wake and the pressure on the boundary C4

@ Forces depend only on the vortical impulse, self-induced
speed of the vortices, and the sum of the strengths squared

@ Relative equilibria of N > 2 vortices on singly-periodic
domain are candidates for models of ‘exotic’ wakes

@ Near-equilibrium configurations may also be doable
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We obtain a generalized Karman-like drag law for N-vortex streets

N
D+il=p Ub_LiZUV LLZ ( ) 3)

Finally, Karman’s ultimate objective with his vortex wake model was to establish a formula for the drag on the bluff
body producing the wake. In this he succeeded with what we today know as the Kdrmdn drag law. The vortex-street
patterns with three vortices per period, e.g., those illustrated in Fig. 8, should also yield a drag law much like von
Karman’s. However, it may be possible to extend this further and derive a drag law even for cases where the three-
vortex-per-cycle wake is evolving downstream. We leave this as an open problem to which we intend to return.

Aref, Stremler & Ponta J. Fluid Struct. (2006)
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